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9« The Glaciation of Teesdale, Weardale, and the Tyne Valley,
and their Tributary Valleys’ By Arthur Richard Dwerryhouse,
Esq., B.Se., F.G.5.

After an account of the topographical solid geology of Teesdale,
the author describes the four distinet types of Drift in the area as

follows :—

(a) Asandy reddish-brown clay, with a large number of well-scratched stones
(b) A black loamy or peaty clay ;
(¢) A coarsegravelly deposit, with many waterworn and a few scratched stones ;

(d) A stiff blue Boulder-Clay. |

The first class is the most widely distributed ; 1t occurs 1n elon-
gated ridges, and is the direct product of ice-action on the rocks of
the upper part of the Dale. The black loamy clay 1s characteristic
of areas occupied by ice-dammed lakes. The third class occurs 1n
long esker-like ridges, and is particularly plentiful in the country
formerly occupied by the Stainmoor glacier. The dark-blue clay

is mainly derived from Carboniferous rocks. A detailed deseription

of the Glacial deposits, boulders, and striee 1s next given; and from
this the following conclusions are deduced :— Upper Teesdale was
heavily glaciated by local ice from the eastern slope of the Cross
Fell Range; this part of the Dale was not invaded by any other
ice, and the higher peaks stood out as nunataks. At the period
of maximum glaciation a number of lakes were formed, owing to
the obstruction of the drainage of lateral tributary-valleys by the ice
of the main glaciers. TLunedale was occupied by 1ce (the Stainmoor
glacier) which came from the drainage-basin of the Irish Sea,

joined the Teesdale glacier about Middleton-in-Teesdale, and by its.

thrust deflected the Teesdale ice into the Valley of the Wear.
" During the retreat of the ice there was a lengthened period of
¢ constant level,” when well-marked drainage-channels were formed.
and after this the ice was removed with great rapidity. A tongue
of ice flowed from Upper Teesdale by Yad Moss to the Valley of the
South Tyne.

Similar evidence with regard to Weardale and the Tyne Valley is
given, and the following conclusions are drawn among others :—1Ice
from Teesdale and the tributaries of the South Tyne occupied the
valley of the latter nearly as far as Lambley, where it was joined by
a large glacier which crossed the northern end of the Penmine
Chain. This glacier was continuous in a northerly direction with
the ice of the Southern Uplands and the glacier of the North Tyne,
and, when at its maximum, deflected the last north-eastward,
causing a movement in that direction along the southern flanks of
the Cheviot Range. But at the beginning and end of the glaciation
the ice in the Valley of the North T'yne flowed south-eastward., The
southern margin of the South Tyne glacier passed across the heads of
Allendale and Devil’s Water into the Wear Valley ; and along this
‘margin were a series of ice-dammed lakes with a corresponding
‘series of overflow-channels, many of which are now streamless.
Weardale was mainly oecupied by its own ice, but the lower part of
the valley was invaded by the Tyne ice from the north and that

of the Tees from the south. There were no lakes strictly connected
with the last system,
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XVIIL. On the Weights of Atoms *,
By Lord KeLviy, G.C.V.0.7

§ 23. HITHERTO in all our views we have seen nothing

| of absolute dimensions in molecular structure,
and have been satisfied to consider the distance between
neighbouring molecules in gases, or liquids, or erystals, or
non-crystalline solids to be very small in comparison with
the shortest wave-length of light with which we have been
goncerned. Even in respect to dispersion, that is to say,
difference of propagational velocity for different wave-lengths,
it has not been necessary for us to accept Cauchy’s doctrine
that the spheres of molecular action are comparable with the
wave-length. We have seen that dispersion can be, and
probably in fact is, truly explained by the periods of our
waves of light being not infinitely great in comparison with
some of the periods of molecular vibration ; and, with this
view, the dimensions of molecular strncture might, so far as
dispersion 1s concerned, be as small as we please to imagine
them, in comparison with wave-lengths of light. Never-
theless it is exceedingly interesting and important for in-
telligent study of molecular structures and the dynamics of
light, to have some well-founded understanding in respect to
yrobable distances between centres of neighbouring molecules
in all kinds of ponderable matter, while for the present at all

~ * This is Lecture XVII, of my Baltimore Lectures, as now extended
and prepared for press. For convenience of reference the sectional numbers
have been retained as in the volyme of Lectures.

+ Communicated by the Author.
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events we regard ether as utterly continuous and structureless.
It may be found in some future time that ether too has a
molecular structure, perhaps much finer than any structure
~of ponderable matter ; but at present we neither see nor
imagitie any reason for believing ether to be other than
continuous and homogeneous through infinitely small con-
tiguous portions of space void of other matter than ether.

§ 24. The first suggestion, so far as we now know, for
estimating the dimensions of molecular structure in ordinary
matter was given in 1805 by Thomas Young *, as derived
from his own and Laplace’s substantially identical theories
~of capillary attraction. In this purely dynamical theory he
found that the range of the attractive force of cohesion is

equal to 37/K; where 7 denotes the now well-known
Young's tension of the free surface of a liquid, and K

denotes a multiple integral which appears in Laplace’s

formulas and is commonly now referred to as Laplace’s K,

as to the meaning of which there has been much controversy
in the columns of ¢ Nature’ and elsewhere, Lord Rayleigh

in his article of 1890, “ On the Theory of Surface Forces t,”

gives the following very interesting statement in respect to
Young’s estimate of molecular dimensions :— |

§ 25. “One of the most remarkable features of Young’s
‘“ treatise 1s his estimate of the range a of the attractive force
“on the basis of the relation 7’=1aK. Never once bave
“1 seen it alluded to ; and it is, I believe, generally supposed
“that the first attempt of the kind is not more than twenty
~ ““years old. Kstimating K at 23000 atmospheres, and 7’ at
“3 grains per inch, Young finds that ‘the extent of the
“¢ cohesive force must be limited to about the 250 millionth

“‘of an inch [10~® cm.]’ ; and he continues, ‘ nor is it very
‘l ¢ I

‘“ ¢ possibly have so far invalidated this result as to have made
1t very many times greater or less than the truth’. ...
“ Young continues :—‘ Within similar limits of uncertainty,
‘“‘ we may obtain something like a conjectural estimate of
“‘the mutual distance of the particles of vapours, and even
“‘of the actual magnitude of the elementary atoms of liquids,
‘““‘as supposed to be nearly in contact with each other ; for
“¢if the distance at which the force of cohesion begins is

““constant at the same temperature, and it the particles of

¢ ¢

* “On the Cohesion of Fluids,” Phil, Trans. 1805; Collected Works,
vol. 1. E 461.

+ P il. Mag. vol. xxx. 1820, p. 474y

probable that any error in the suppositions adopted can
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¢ tateam are condensed when they approach within this

“¢distance, it follows that at 60° of Fahrenheit the distance
“<of the particles of  pure aqueous vapour is-about the 250

““<millionth of an inch ; and since the density of this vapour

“<is about one sixty thomsandth of that of water, the distance

“<of the particles must be about forty times as great ;

“¢ consequently the mutual distance of the particles of water

~ “<must be about the ten thousand millionth of an inch *

“¢+025 x 10-8 em.]. It is true that the result of this calcu-
“ ¢ Tation will differ considerably according to the temperature

< of the substances compared. . . . This discordance does not
‘¢ however wholly invalidate the general tenour of the con-

“¢clusion . . . and on the whole it appears tolerably safe to
«“¢oonclude that, whatever errors may have affected the

<« ¢ determination, the diameter or distance of the particles of

«“ ¢ water is between the two thousand and the ten thousand
« ¢ millionth of an inch’ [between 125 x 10—® and *025 x 10-°
“of a em.]. This passage, in spite of 1ts great interest, has

“been so completely overlooked that I have ventured briefly

“to quote it, although the question of the size of atoms lies
“ outside the scope of the present paper.”

~ § 26. The next suggestion, so far as 1 know, for estimating
the dimensions of molecular structure in ordinary matter, 1s
to be found in an extract from a letter of my own to Joule
on the contact electricity of metals, published in the ¢ Pro-
ceedings’ of the Manchester Literary and Philosophical
Society t, Jan. 21, 1862, which contans the following

~ passage :— Zinc and copper connected by a metallic arc

“attract one another from any distance. So do platinum
“plates coated with oxygen and hydrogen respectively.
“ | can now tell the.amount of the force, and calculate how

< great a proportion of chemical affinity is used up electrically,

“ pefore two such discs come within 1/1000 of an inch of
“ one another, or any less distance down to a limit within
« which molecular heterogeneousness becomes sensible, This
“ of course will give a definite limit for the sizes of atoms, or
« pather, as I do not believe in atoms, for the dimensions of
“ molecular structures.” The theory thus presented is some-
what more fully developed in a communication to ¢ Nature’

* Young here, curiously insensible to the kinetic theory of gases,
supposes the molecules of vapour of water at 60° Fahr. to be within
touch (or direct mutual action) of one another; and thus arrives at
& much finer-grainedness for liquid water than he would have found if

he had given long enough free paths to molecules of the vapour to

account for its approximate fulfilment of Boyle’s law. o
+ Reproduced as Art, 22 of my ¢ Electrostatics and Magnetism.".
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in March 1870, on “The Size of Atoms”*, and in a Friday
evening lecture T to the Royal Institution on the same

subject on February 3, 1883 ; but to illustrate it, information “ than 1/60000 of a centimetre, this being the thickness of
was wanted re.garding the heat of combination of copper and “ the dusky white ” with which the black spot is bordered.

zinc. Experiments by Professor Roberts-Austen and by And further in 1883 Reinold and Riicker’s ¥ admirable
Dr. A. Galt, made within the last four years, have supplied application of optical and electrical methods of measurement
this want ; and in a postseript of February 1898 to a Friday | gfwed that the thickness of the black 6lm in Plateau’s
‘evening lecture on “ Contact Electricity,” which 1 gave at Eli wide c:l cérique”’ and in ordinary soap solution ig between
the Royal Institution on May 21, 1897, I was able to say oneqeight?hfm Trod-thousandth of a contimetre and .one mil-
“We cannot avoid seeing molecular structures beginning to _11011t]'1 of a centimetre. Thus it was certain that the soap-
“be perceptible at distances of the hundred-millionth of a f1m has full tensile strength at a thickness of about a
<« centimetre, and we may consider it as highly probable that illionth of a centimetre, and that between one millionth

< the distance from any point in a molecule of copper or zinc and one one-hundred-millionth jthe tensile strength falls off”
“to the nearest corresponding point of a neighbouring enormously. '

- molecule is less than one one-hundred-millionth, and greater

absolute demonstration that the film retains its tensile strength
in the black spot * where. the thickness is clearly much less

¢ than one one-thousand-millionth of a centimetre’’ ; and
also to confirm amply the following definite statement which
I had given in fay ¢ Nature’ article (1870) already referred
to :—< Plates of zine and copper of a three-hundred-millionth
“of a centimetre thick, placed close together alternately, form
“g mear approximation to a chemical combination, if indeed
« such thin plates could be made without splitting atoms.”

§ 27. In that same article thermodynamic considerations

in stretching a fluid film against surface tension led to the

following result :—* The conclusion 1s unavoidable, that a
« water-film falls off greatly in its contractile force betore 1t
“is reduced to a thickness of a two hundred-millionth of a
« gentimetre. It is scarcely possible, upon any conceivable
<« molecular theory, that there can be any considerable falling
. “off in the contractile force as long as there are several

g 28. Extremely interesting in connection with this is the
investigation, carried on independently by Rontgen t and
Rayleigh §, and published by each In 1890, of the quantity

j ' er wa It are: ] roduce
of oil spreading over water per unit area required to p

" 4 sensible disturbance of its capillary tension.  Both experi-

menters expressed results 1n terms of thickness of the film,
oaleulated as if oil were infinitely homogeneous’ and therefore
structureless, but with very distinct reference to the certainty .
that their films wers molecular structures not approximately

‘homogeneous. Rayleigh found that olive oil, spreading out

rapidly all round on a previously cleaned surface of water
from 2 little store carried by a short length of platinum wire,

produced a perceptible effect on little floating fragments of
camphor at places where the thickness of the oil was

106 x 108 cm., and no perceptible eitect where the thickness

was 8'1x 108 cm. It will be highly interesting to find, it
possible, other tests (optical or dynamical or electrical or
chemical) for the presence of a film of oil over water, or of
flms of various liquids over solids such as glass or metals,
demonstrating by definite offects smaller and smaller thick-
nesses. Rontgen, using ether instead of camphor, found
analogous evidence of layers 56 x 10~8 cm. thick. Tt will
be very interesting for example to make a thorough invest-

: : : s yation of the electric conductance of a clean rod of white
11 & 20 ap—b.ubble or soap-film betore it bursts, and which were | g%ass of highest insulating quality surrounded by an atmo-
described in a most interesting manner by Newton I, gave sphere containing measured quantities of vapour of water.
* Republished as Appendix (¥) in Thomson and Tait’s ‘¢ Natural When the glass is at any temperature above the dew-point ot
Philosophy, part ii. second edition. - e |
+ Repu'blished in ¢ Popular Lectures and Addresses; vol. 1. # «0On the Limiting Thickness of L_iqmd' Films,” Roy: Soc. Proc.
i Newton’s ¢ Optics,” pp. 187, 191, Edition 1721, Second Book, Part 1. : © April 19, 1883 ; Phil. Trans. 1833, part 1. p. 645.
quoted in my Royal Institution Lecture, ¢ Pop. Lectures and Addresses,’ + Wied, Ann. vol. xli. 1800, p. 321.
vol. 1, p. 179. - t Proc. Roy. Soc. vol. xlvil. 1890, p. 364

“ molecnles in the thickness. It is therefore probable that
“there are not several molecules in a thickness of a two-
« hundred-millionth of a centimetre of water.” More detailed
consideration of the work done in stretching a water-film
led me in my Royal Institution Lecture of 1883 to substitute
one one-hundred-millionth of a centimetre for one two-
hundred-millionth in this statement. On the other hand a
‘consideration of the large black spots which we now all know
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the vapour, it presents, so far as we know, no optical appear-

ance to demonstrate the pressure of condensed vapour of

water upon 1t : but enormous differences of electric con-

ductance, according to the density of the vapour surrounding
it, prove the presence of water upon the surface of the glass,
or among the Interstices between its molecules, of which

electric conductance 1s the only evidence. Rayleigh has

himself expressed this viewiin a recent article, * Investigations

on Capillarity,” in the Philosophical Magazine *. From the

estimates of tbe sizes of molecules of argon, hydrogen,
oxygen, carbonic oxide, carbonic acid, ethylene (C,H,), and
other gases, which we shall have to consider (§ 47 below),
we may judge that in all probability if we had eyes micro-
scopic enough to see atoms and molecules, we should see in
those thin films of Rayleigh and Réntgen merely molecules
of oil lying at greater and less distances from one another,
but at no part of the film one molecule of oil lying above
another or resting on others. '

- § 29. A very important and interesting method of estim- '

ating the size of atoms, founded on the kinetic theory of
gases, was first, so far as I know, thought of by Loschmidt
in Austria and Johnstone Stoney in Ireland. Substantially
the same method occurred to myself later and was described

in ¢ Nature,” March 1870, in an article} on the “Size of

Atoms already referred to, § 26 above, from which ithe
quotations in §§ 29, 30 are taken. '
‘ “The kinetic theory of gases suggested a hundred years
‘ago by Daniel Bernoulli has, during the last quarter of a
“ century, been worked out by Herapath, Joule, Clausius, and
“ Maxwell to so great perfection that we now find in it
“ satistactory explanations of all non-chemical” and non-
electrical * properties of gases. However difficult it may be
“to even 1magine what kind of thing the molecule is, we
‘“‘ may regard it as an established truth of science that a gas
‘: consists of moving molecules disturbed from rectilinear paths

and constant velocities by collisions or mutual influences, so
: rare that the mean length of nearly rectilinear portions of

the path of each molecule is many times greater than the
“average distance from the centre of each molecule to the
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«“ globes all of one size, influencing one another only through
“ actnal contact, we have for each molecule simply a zigzag
“ path composed of rectilinear portions, with abrupt changes
« of direction . . .. But we cannot believe that the individual
“ molecules of gases in general, or even of any one gas, are
“hard elastic globes. Any two -ot the moving particles or

¢ molecules must act upon one another somehow, so that
““ when they pass very near one another they shall produce
¢ considerable deflexion of the path and change in the velocity

“of each. This mutual action (called force) is different at

« Jifferent distances, and must vary, according to variations

“of .the distance, so as to fulfil some definite law. 1f the

« particles were hard elastic globes acting upon one another
“ only by contact, the law of force would be ... zero force
« when the distance from centre to centre exceeds the sum of
¢ the radii, and infinite repulsion for any distance less than
« the sum of the radii. This hypothesis, with its ¢ hard and

¢ fast’ demarcation between no force and infinite force,
“ geems to require mitigation.” Boscovich’s theory supplies
clearly the needed mitigation. o

§ 30. To fix the ideas we shall still suppose the force
absolutely zero when the distance between centres exceeds a
definite limit, A ; but when the distance is less than A, we
shall suppose the force to begin either attractive or repulsive,
and to come gradually to a repulsion of very great magnitude,
with diminution of distance towards zero. Particles thus
defined I call Boscovich atoms. We thus call §A the radius
of the atom, and A its diameter., We shall say that two
atoms are in collision when the distance between their centres
ig less than A. Thus “ two molecules In collision will exercise
4 mutual repulsion in virtue of which the distance between
“their centres, after being diminished to a minimum, will
“begin to increase as the molecules leave one another.
“ This minimum distance would be equal to the sum of the
« radii, if the molecules were infinitely hard elastic spheres :
“hut in reality we must suppose it to be very different in

¢ different collisions.”
§ 31. The essential quality of a gas is that the straight line

of uniform motion of each molecule between collisions, called

the free path, is long in comparison with distances between
centres during collision. In an ideal perfect gas the free
# Phil. Mag. Oct. 1899, p. 337. E"ath would be infinitely long in comparison with distances
+ Sitzungsberichte of the%ienna Academy, Oct. 12, 1865, p. 395. between centres during collision, but infinitely short in

;. Reprinted as Appendix (F) in Thomson and Tait’s ¢ Natural Philo- comparison with any length directly perceptible to our senses;
sophy,” part. il. p. 499. o a condition which requires the number of molecules i any

:‘ centre of the molecule nearest it at any time. If, for
‘““a moment, we suppose the molecules to be hard elastic
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perceptible volume to be exceedingly great. We shall see

that in gases which at ordinary pressures and temperatures
approximate most closely, in respect to compressibility,
expansion by heat, and specific heats, to the ideal perfect
cas, as, for example, hydrogen, oxygen, nitrogen, carbon-
monoxide, the free path is probably not more than about one
hundred times the distance between centres during col-
lisions, and 1s little short of 10-% em. in absolute magnitude,

Although these moderate proportions suffice for the well-

known. exceedingly close agreement with the ideal gaseous
laws presented by those real gases, we shall see that large
deviations from the gaseous laws are presented  with con-

densations sufficient to reduce the free paths to two or three

times the diameter of the molecule, or to annul the free paths
altogether. '

§ 32. It is by experimental determinations of diffusivity
that the kinetic theory of gases affords its best means for
estimating the sizes of atoms or'molecules and the number of
molecules in a cubic centimetre of gas at any stated density.
Let us therefore now consider carefully the kinetic theory of
these actions, and with them also, the properties of thermal

conductivity and viscosity closely related to them, as first
~discovered and splendidly developed by Clausius and Clerk

Maxwell. |

- § 33. According to their beauliful the(jry, we have three

kinds of diffusion; diffusion of molecules, diffusion of energy,
and diffusion of momentum. Kven in solids, such as gold and

lead, Roberts-Austen has discovered molecular diffusion of
gold into lead and lead into gold between two pieces of the

metals when pressed together. But the rate of diffusion
shown by this admirable discovery is so excessively slow that -

for most purposes, scientific and practical, we may disregard
wandering of any molecule in any ordinary solid to places
beyond direct influence of its immediate neighbours. In an
elastic solid we have diffusion of momentum by wave motion,
and diffusion of energy constituting the conduction of heat
through it. These diffusions are effected solely by the com-
- munication of energy from molecule to molecule and are
- practically not helped at all by the diffusion of molecules.
In liquids also, although there is thorough molecular diffus-
1vity, 1t 1s excessively slow in comparison with the two other
diffusivities, so slow that the conduction of heat and the
diffusion of momentum according to viscosity are-not prac-
tically.helped by molecular diffusion. Thus, for example, the
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thermal diffusivity ¥ of water (002, according todJ. T. Bot-
tomley’s first investigation, or about 0015 t according to
Jater experimenters) is several hundred times, and the diftus-
ivity for momentum is from one to two thousand times, the

diffusivity of water for common salt, and other salts such as

sulphates, chlorides, bromides, and iodides.

- §34. We may regard the two motional diffusivities of a
liquid as being each almost entirely due to communication of
motion from one molecule to another. This is because every
molecule is always under the influence of its neighbours and
has no free path. When a liquid 1s rarefied, either gradually
as in Andrews’ experiments showing the continuity of the
liquid and gaseous states, or suddenly as in evaporation, the
molecules become less crowded and each molecule gains more
and more of freedom. When the density is so small that
the straight free paths are great in comparison with the
diameters of molecules, the two motional diffusivities are
certainly due, one of them to carriage of energy, and the
other to carriage of momentum, chiefly by the free rectilinear
motion of the molecules between collisions. Interchange of
energy or of momentum between two molecules during
collision will undoubtedly to some degree modity the results
of mere transport ; and we might expect on this account the
motional diffusivities to be approximately equal to, but eaeh
somewhat greater than, the molecular diffusivity. If this
view were correct, it would follow that, in a homogeneous
oas when the free paths are leng in comparison with the
diameters of molecules, the viscosity is equal to the molecular

-diffusivity multiplied by the density, and the thermal con-

ductivity is equal to the molecular diffusivity multiplied by the
thermal capacity per unit bulk, pressure constant : and that
whatever deviation from exactness of these equalities there may
be, would be in the direction of the motional diffusivities being
somewhat greater than the molecular diffusivity. But alas,
we shall see, § 45 below, that hitherto experiment does not
confirm these conclusions : on the contrary the laminar

~diffusivities (or diffusivities of momentum) of the only fmir
“gases of which molecular ditfusivities have been determined

by experiment, instead of being greater than, or at least
equal to, the density multiplied by the molecular diffusivity,

are each somewhat less than three-fourths of the amount thus
calculated.

# « Math, and Phys. Papers,” vol. iil. p. 226. For explanation re-
garding diffusivity and viscosity see same volume, pp. 428-435.
+ See a paper by Milner and Chattock, Phil. Mag. vol, xlviii. 1899.
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11§ 35. I see no explanation of this deviation from what
seems . .thm:oughly correct theory. "Accurate experimental
determinations of viscosities, whether of gases or liquids, are

easy by Graham’s transpirational method. On the other

hand even roughly approximate experimental determinations
of thermal diffusivities are exceedingly difficult, and I believe
none, on correct experimental principles, have really been
made_ ; certainly none unvitiated by currents of the gas
experimented upon, or accurate enough to give any good
test of the theoretical relation between thermal and material
g;f;ﬁlzllltle% exp(;'_essed b%r the following equation, derived
_ e -preceding verb: ‘regardi
diffusivitiespof o ; erbal statement regarding the three

5=Kp§ = Ku=kep.
where @ denotes the thermal conductivity, s the viscosity
p the density, Kp the thermal capacity per unit bulk preSsui'é
constant, K the thermal capacity per unit mass pressure
constant, ¢ the thermal capacity per unit mass volume con-
stant, and £ the ratio of the thermal capacity pressure constant
to the thermal capacity volume constant, It is interesting to

remark how nearly theoretical investigators + have come to

the relation #@=rfeu ; Clausi ) |

- . p ; Clausius gave 0=2cp; O. E. Meyer,
0=1'6027cu, and Maxwell, §=3 cu. Maxwell’s in fac%r is
= kcp for the case of a monatomic gas.

_§ 96. To understand exactly what is meant by molecular
diffusivity consider a homogeneous gas between two infinite
parallel planes, GGG and RRR, distance a apart, and let it
be iitially given in equilibrium ; that is to say, with equal
numbers of molecules and equal total kinetic energies in equal
volumes, and with integral of component momentum in any
and every direction, null. Let N be the number of molecules
per unit volume. Let every one of the molecules be marked
either green or red, and whenever a red molecule strikes the
plane G GG, let its marking be altered to green, and, when-
ever a green molecule strikes RRR, let its marking be altered
to red. These markings are not to alter in the slightest

* So far as I kﬁow all attem 1th i
. . kmow, pts hitherto made to determine the
thermal conductivities of gases have been founded on observations of

rate of communication of heat between a thermometer-bulb, or a stretched

metallic wire constituting an electric resistance thermometer
. and th
walls of thel, vessel enclosing it and the gas e};perimentedtuﬁe‘a.d éez
ng_demanﬁ s Annalen (1888), vol. xxxiv. p. 623, and 1891, vol. xliv.
p. 177. Kor other references, see O. E. Meyer, § 107, ,
T.See the last, ten lines of O, E. Meyer's book.
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degree the mass or shape or elastic quality of the molecules,
and they do not disturb. the equilibrium of the gas or alter
the motion of anyone of its particles; they are merely to
give us a means of tracing ideally the history of any one
molecule, or set of molecules, moving about and colliding

with other molecules according to the kinetic nature of a gas.

§ 37. Whatever may have been the initial distribution of

the greens and reds, it is clear that ultimately there must be
a regular transition from .all greens at the plane GGG and
all reds at the plane RRR, according to the law

_N%. =N -
9_-Na’ r=2N el . . (1),

where ¢ and » denote respectively the number of green

molecules and of red molecules per unit volume at distance
from the plane RRR. In this condition of statistical equili-
brium, the total number of molecules crossing any inter-
mediate parallel plane from the direction GGG towards RRR

~will be equal to the number crossing from -RRR towards

GG G in the same time ; but a larger number of green mole-
cules will cross towards RRE than towards GGG, and, by
an equal difference, a larger number of red molecules will
cross towards GG G thun towards RRR. 1f we denote this
difference per unit area per unit time by QXN, we have for
what I call the material diffusivity (called by Maxwell, © co-

efficient of diffusion ),
_D'::Q{L e & & & e % 0 (2)'

We may regard this equation as the definition of diffusivity.
Remark that Q is of dimensions LT, because it is a number
er unit of area per unit of time (which is of dimensions
L-2T-1) divided by N, a number per unit of bulk (dimen-
sions I.—3). Hence the dimensions of a diftusivity are L2T-1,
and practically we reckon it in square centimetres per second.

§ 38. Hitherto we have supposed the & and the £ particles
to be of exactly the same quality In every respect, and the
diffusivity which we have denoted by D is the inter-diffusivity
of the molecules of a homogeneous gas. But we may suppose
G and R to be molecules of different qualities; and assem-
blages of & molecules and of R molecules to be two different
gases. Everything described above will apply to the inter-
liffusions of these two gases ; except that the two differences
which are equal when the red and green molecules are of
the same quality are now not equal or, at all events, must
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not without pr.oof be assumed to be equal. Let us therefore

denote by ,/N the excess of the number of G molecules
crossing any 1ntermediate plane towards RRER over the
namber crossing towards GGG, and by Q.N the excess of
the number of K molecules crossing towards GGG above
that crossing towards RRR. We have now two different
diffusivities of which the mean values through the whole
range between the bounding planes are given by the equations

DHIan ’ Dr:Qra;

one of them, D,, the diffusivity of the green molecules, and

the other, J),, the diffusivity of the red molecules through

the heterogeneous mixture in the circumstances explained in

y 7. We must not now assume the gradients of density of the

two gases to be uniform as expressed by (1) of § 37, becaunse

the homogeneousness on which these equations depend no

lon ger exists,

y 39. To explain all this practically*, let in the diagram
the planes GGG, and RRR, be exceedingly thin plates of
dry porous material such as the fine unglazed earthenware of
Graham’s experiments. Instead of our green and red marked
molecules of the same kind, let us have two gases, which we shall
call & and R, supplied in abundance at the middles of the two
ends of a non-porous tube of glass or metal, and guided to flow
away radially in contact with the end-plates as indicated in
the diagram. 1If the two axial supply-streams of the two pure
gases are sufficiéntly abundant, the spaces G G'G, RRR, close
to the inner sides of the porous end-plates will be occupied
by the gases G and R, somewhat nearly pure. They could
not be rigorously pure even if the velocities of the scouring
gases on the outer sides of the porous end-plates were com-
- parable with the molecular velocities in the gases, and if the
porous plates were so thin as to have only two or three

* For a practical experiment it might be necessary to allow for the
difference of the proportions of the G gas on the two sides of the BRRR
Elate and of the & gas on the two sides of the GGG plate. This would

e exceedingly diflicult, though not impossible, in practice. The
difficulty is analogous to that of allowing for the electric resistances of
the connexions at the ends of a stout bar of metal of which it is desired
to measure the electric resistance. But the simple and accurate
*“ potential method ” by which the difficulty is easily and thoroughly
overcome in the electric case is not available here. I do not, however,
put forward the arrangement described in the text as an eligible plan for
measuring the inter-diffusivity of two gases, Even if there were no other

difficulty, the ?llantities of the two pure gases required to realize it would
be impracticably great. | -f |
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molecules of solid matter in their thickness. The %386-; in
contact with the near faces of the porous plates wou E‘W_
ever, probably be somewhat approximately pure in practice

' 1call 1S ' lates, 1f
with a practically realisable thinness of the porous plates, ‘
a, the dIi)stance between the two plates, is not less than five o1
six centimetres and the scouring velocities moderately, but
not impracticably, great. According to the notation of § 37,
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IQ_g 1s the quantity of the (¢ gas entering across GGG and
éaving across LLRR per sec. of time per sq. cm. of area :
(- 1s the quantity of the R gas entering across RRR and
leaving across GG (4 per sec. of time per sq. em. of area ; the
unit quantity of either gas being that which occupies a cubi
centlimetre in its entry tube. The equations ( . ©
'D.?:Qy — , D=0, -
where d » (ltljg__r) . e
> g and 7 are the proportions of the G oas '

the 7 8as at @, define th[:a average diﬁ'usivigties aﬁf}iﬁ: in?(f
gases m the circumstances in which they exist in the different
parts of the length a between the end-plates. This statement
18 caqtllou_ﬁly_worded to avold assuming cither equal Vallues of
the diffusivities of the two gases or equality of the diffusivity

of either gas throughout the space between the end-plates,

So far as I know difference of diffusivi
‘ - iffusivity of the two oasa
1‘1}35 noﬁlbeen hitherto suggested by any w};iter on the gul%i?éets
What is really given by Loschmidt’s experiments, § 43 below,
1s the arithmetic mean of the two diffusivities 2, and D),. |
. re

¢ 40. In 1877 O. E. Meyer expressed the opinion on theo-
retical grounds, which seem to me pertectly valid, that the
inter-diffusivity of two gases varies accordine to the ro
portions of the two gases in the mixture. In the 1899 edi]:;t)im;
ot his ¢ Kinetic Theory of Gases’* he recalls attention ’;o this
view and quotes results of various experimenters, Loschmids
Ol::ermayer, Waltz, seeming to support it, but, as, he says HGE
quite conclusively. On the other hand, Maxwell’s theor
(§ 41 below) gives inter-diffusivity as imdependent of Jth'z
proportions of the two gases ; and only a single expression
for diffusivity, which seems to 1mply that the two diffusivities

are equal according to his theory. The subject is of extreme |

difficulty and of extreme interest, theoretical and practical ;
and thorough experimental Investigation is greatly to be

desired.

¢ 41. In 1873 Maxwell t gave, as a result of o th cal
» L] - L] j - | 1 t
H}vest_l gat_lokn, the following formula which expresses tﬁgliii;}?}
iffusivity (Dis) of two gases independently of the pmportidn '

of the two gases in any part ' '

b any part of the mixture : each oas b
supposed to consist of spherical Boscovich atoms ?11f1tue;ﬁ§
acting according to the law, force zero for all distances
exceeding the sum of the radii (denoted by s,2) and infinite

repulsion when the distance between their centres 1s infinite]
: E?.)yn%’ translation, p. 264. 4
n Loschmidt's Experiments on Diffusion in relation to inetj
! . | th
é[‘5hdeory of Gases,” Nature, Aug. 1878 ; Scientific Papers, vol. ii. EPK lgzgf
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1 .V 1 1\1 4
Dlﬂ#“ _'—‘N'\/(*;U‘I'I'Eg ;1“2_2'-*' ' . ( )?

where w,, w, are the masses of the molecules in the two gases

in. terms of that of hydrogen <called unity ; V is the square
root of the mean of the squares of the velocities of the mole-
| and N is the number of

cules 1n. hjdrog‘en at O° _U.;
molecules in a cubic centimetre of a gas (the same for all
according to Avogadro’s law) at 0°C. and standard

ases . _
gtmosl)heric pressure. 1 find the tellowing simpler formula

more convenlent . | | .
' D NOREVE) L. (@)

TR 9N 6T N sy _
where V2, V% are the mean squares of the molecular
velocities of the two gases at 0° C., being the values of 3 p/p
for the two gases, or three times the squares of their Newtonian
velocities of sound, at that temperature. For brevity, we
<hall call mean molecular velocity the square root of the mean

of the squares of the velocities of the molecules. The same
formula is, of course, applicable to the molecular ditfusivity

of a single gas by taking V;=V,=V its mean molecular
velocity, and s;;=s the diameter of its molecules ; so that we

have 1 . |
S ¢ ) P

—— ————
— e —

24/ 3w Ns*
42. Tt is impossible by any direct experiment to find the

§ 42, Tt s impossible by 1
molecular diffusivity of a single gas as we have no means ot
marking its particles in the manner explained in § 37 above;
but Maxwell’s theory gives us, in a most interesting manner,
the means of calculating the diffusivity of each of three sepa-
rate oases from three experiments determining the inter-
diffusivities of their pairs. From the inter-diffusivity of each

. pair determined by experiment we find, by (2) § 41, a value
 of 53¢/ (2V 3w Q) for each pair, and we have sp=3(s1+ 8)*

.

whence
§1 =819+ 8138235 S2=S12T Sg3— 8133 S3 =813+ Se3—S12 - (1).

Calculating thus the three values of sv (2 \/-'h'c’)_':rz'-l\.7‘_)z and
using them in (3) § 41, we find the molecular diffusivities of

the three separate gases.
§ 43. In two communications 1 to the Academy of Science

#* This agrees with Maxwell’s equation (4), but shows his equation (6)

to be incorrect. L
+ ¢ Experimental-Untersuchungen iiber die Diffusion von Gasen ohne
orise Scheidewiinde,” Sitz. d. % Akad. d. Wissensch,, March 10 and
Rlay 12, 1870,

‘‘‘‘‘




- 192 Lord Kelvin on

 of Vienna in 1870, Loschmidt describes experimental deter-
minations of the inter-diffusivities of ten pairs of gases made,
by a well-devised method, with great care to secure accuracy.
In cach case the inter-diffusivity determined by the experi-
ment would be, at all events, somewhat approximately the
mean of the two diffusivities, § 39 above, if these are unequal.
The results reduced to 0° . and standard atmospheric pres-
sure, and multiplied by 2:78 to reduce from Loschmidt’s
square metres per hour to the now usual square centimetres
“per second, are as follows :—

TABLE OF INTER-DIFFUSIVITIES /).

—_ e — . _———— o -

Pairs of Gases. in sq. Gé_ per sec.

H,, O, 7214
H,, €O (0422
H, CO, -HdH8 _.
0, CO 1802 E
0, CO, 1409 ;
Co, O, 1406

- CO,, Air 1423
C0,, NO | 0984
C0,, OH, 1587

|- SO“A’ H, | -4809

Tn the first six of these, each of the four gases H,, 0,, CO,
(O, occurs three times and we have four sets of three inter-

diffusivities giving in all three determinations of the

“diffusivity of each gas as follows :—

Pairs of gases. D,. Pairs of gases. D,

(12, 13, 23).....1'31 (12, 13,23)......-193
(12, 14, 24)..... 144 (12,14, 24)......1190

Gases. I Mean 1-32 Mean *188

IC_)IQ ...... E%% '< — ‘ ——
O (3) D, . D,
CO,......(4) | (12, 13, 23)....../168 (12, 14, 24)......°107

| (13, 14, 34)......1-22 (23, 24, 34)......"182

(13, 14, 34)...... ‘175 (13, 14, 34)...... ‘112
: (23, 24, 34)...... 110

L Mean 172

A——

Mean 110

ey —
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 Considering the great difficulty of the experimental
investigation, we may regard the agreements of the three
results for each separate gas as, on the whole, very satisfactory,
both in respect to the accuracy of Loschmidt’s experiments
and the correctness of Maxwell’s theory. It certainly 18 a
very remarkable achievement of theory and experiment to
have found in the four means of the sets of three deter-
minations, what must certainly be somewhat close approxi-
mations to the absolute values for the four gases, hydrogen,
oxygen; carbon-monoxide, and, carbon-dioxide, of something
seemingly so much outside the range of experimental obser-
vation as the inter-diffusivity of the molecules of a separate

gas.

§ 44. Maxwell, in his theoretical writings of different
dates, gave two very distinct views of the inner dynamies of
viscosity in a single gas, both interesting, and each, no doubt,
valid. In one*, viscous action is shown as a subsidence from
an “instantaneous” rigidity of a gas.” In the other ¥,
viscosity is shown as a diffusion of momentum : and in p. 347
of his article quoted in § 41 above he gives as from * the
theory,” but without demonstration, a formula (5), which,
taken in conjunction with (1), makes

p o .

=D . . . . . < . (1)

: IRC
o denoting the density, p the viscosity, and .D the molecular
diffusivity, of any single gas. On the other hand, in his
1866 paper he had given formulas making T

%..—-_-6481) R )

§ 45. Viewing viscosity as explained by diffusion of mo-
mentum we may, it has always seemed to me (394 above),
regard (1) as approximately true for any gas, monatomic,

diatomic, or polyatomic, provided only that the mean free
% Trans. Il{oy. Soc., May 1866 ; Scientific Papers, vol. ii. p. 70.
t « Molecules,” a lecture delivered before the Brit. Assoc. at Bradford,
Scientific Papers, vol. ii. p. 378. See also O. E. Meyer’s * Kinetic Theory

of Gases,” (Bayneg trans. 1899), §§ 74-76.

t The formula for viscosity (Sci. Papers, vol. ii, p. 68) taken with the

. formula for molecular diffusivity of a single gas, derived from the formula

. * . » .-, . p A] .
of inter-diffusivity of two gases of equal densities, gives oD = g1 which
‘ O
is equal to ‘648 according to the values of 4, and 4, shown in p. 42 of
vol. ii. Sci. Papers.

Phil. Mag. S. 6. Vol. 4. No. 20. Aug. 1902, O
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path is large in comparison with the sum of the durations of

the collisions. Unfortunately for this view, however, com-

parisons of Loschmidt’s excellent experimental determinations
of diffusivity with undoubtedly accurate determinations of
viscosity from Grraham’s original experiments on transpiration,
and more recent experiments of Obermeyer and other
accurate observers, show large deviations from (1) and are
" much more nearly in agreement with (2). Thus taking

0000900, *001430, 001234, ‘001974 as the standard densities

of the four gases, hydrogen, oxygen, carbon-monoxide, and
carbon-dioxide, and multiplying these respectively by the
diffusivities from Loschmidt’s experiments and Maxwell’s
theory, we have the following comparison with Obermeyer's
viscosities at 0° C. and standard pressure, which shows the
discrepance {rom experiment and seeming theory referred to

in § 34.

Col. 1. . Col.2. Col. 3. ~ Col. 4.
bVisi:&Jsity ti?lcu]:llate&_ Batic of valies
y Muaxwell’'s theory| . . ... : 10 of values in
Gas. from Loschmidt’s Vlsctgsgﬁ:rzfzgzi}ng Col. 3 to those
diffusivities | in Col. 2.
p=pD.

H, 000119 0000822 691

O, ‘000269 0001873 "695

Co 000212 *0001630 769

COy *000218 ‘0001414 ‘649

§ 46. Leaving this discrepance unexplained, and elimi-
nating ) between (1) of § 44 and (3) of § 41, we find as

Maxwell’s latest expression of the theoretical relation between
number of molecules per cubic centimetre, diameter of the
molecules, molecular velocity, density, and viscosity of a
single gas,

' 1V
Nt g pE=-1629_T£E )

The number of grammes and the number of molecules in a
cubic centimetre being respectively p and N, p/N is the mass

of one molecule in grammes; and therefore, denoting this
by m, we have

n=2v3r he=6105e . . .. (@)
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In these formulas, as -originally.investiga,ted by Maxwell for
the case of an ideal gas composed of hard spherical atoms,
s 1s definitely the diameter of the atom, and is the same at
all temperatures and densities of the gas. When we apply
the formulas to diatomic or polyatomic gases, or to a mon-
atomic gas consisting of spherical atoms whose spheres of

‘action may overlap more or less in collision according to the
severity of the impact, s may be defined as the diameter which

an 1deal hard spherical atom, equal in mass to the actual
molecule, must have to give the same viscosity as the real gas,
at any particular temperature. This being the rigorous
definition- of s, we may call it the proper mean shortest
distance of inertial centres of the molecules in collision to
give the true viscosity ; a name or expression which helps us
to understand the thing defined.

§ 47. For the ideal gas of hard sphérical atoms, remem-

| bering that V 1s independent of the density and varies as #
(¢ denoting absolute temperature), § 46 (2) proves that the
- viscosity 1s mdependent of the density and varies approxi-

mately as 2. Rayleigh’s experimental determinations of the
viscosity of argon at ditferent temperatures show that for this
monatomic gas the viscosity varies as ¢®%; hence § 46 (2)
shows that s? varies as {—°!%, and therefore s varies as ¢,
Experimental determinations. by Obermayer* of viscosities
and their rates of variation with temperature for carbonic
acid, ethylene, ethylene-chloride, and nitrous oxide, show
that for these the viscosity is somewhat nearly in simple
proportion to the absolute temperature : hence for them s*
varies nearly as ¢—®.  His determinations for the five
molecularly simpler gases, air, hydrogen, carbonic oxide,
nitrogen, and oxygen show that the increases of u, and
therefore of s—2, with temperature are, as might be expected,

considerably smaller than for the more complex of the gases

on which he experimented. Taking his viscosities at 0° Cent.,
for carbonic acid and for the four other simple gases named
above, and Rayleigh’s for argon, with the known densities of
all the six gases at 0° (. and standard atmospheric pressure,

we have the following table (p. 196) of the values concerned
in § 46 (1).

§ 48. The meaning of “s,” the diameter, as defined in
§ 46, is simpler for the monatomic gas, argon, than for any

of the others ; and happily we know for argon the density,

* Obermayer, Wien. Akad. 1876, Mar. 16th, vol.-73, p. 433.
O 2
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state (1°212)*.

Now, all
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state (001781) bu
The latter of these is 651
sidered, 1t see

the liquid may be

assemblage of globes of diameter $ ju

“in cubic or
let gs be
ment of

"and standard asmosp
anity if the liquid 1
liquid is denser, than the

the molecules 681 times
heric pressure
s less dense,
cublc arran

rder; but, to make no hyp
the distance from centre to ¢

O

ms proba
slightly
st touching one
thesis in the first place,
entre of a cubic arrange-

0~ C.

denser than the gas at
greater than

. g will be
or less than unity if the
gement with molecules,

¢ also in the liquid
times the former.
bable that the crowd
less dense than an
another

Ool. 1.

Gas.

D,
Argon

Col.2. | Col.3. | Col.4 | Col5 CoL 6. | CoL7. | Col8 | Col9.
T — Mean free _'Ra,tin of I{.
paths ac- | volume oc-
Hence taking cording to | cupiedby |
N=1020 (§ 50) Taking Maxwell’a molecules to |
o " v N2 we have N =1020, formula { whole volume
in terms of | in terms in terms | in terms | s at 0° Cent. | - -
grammes per | of dynes of centi- | of (centi- | 1n terms of | interms of | I=775 52! N g
cubic centi- | per square metres per| metre) 1. centimetres. | grammes. . terms of
metre. centimetre, | 8second. centimetres.
001974 | 0001414 | 39200 89500 | 2'99.1078 |19-74. 1024 2:52 . 1078 | 1-340.107%
0000900 | 0000822 | 184200 | 32900 | 181 -, 090 ., |e84 , | 811
001934 | 0001630 | 49600 | 61300 | 248 ., 1ZG2 362 , | 79,
oo1on7 | -0001635 | 49000 | 61600 | 248 ., LFOT 364 ,, | 799
‘00143 0001873 | 46100 57500 | 240 ,, 143 391 ,, 724 ,,
001781 | 0002083 | 41400 | 57700 | 240, 781 ., 389 , | 124,
. |

L]

regarded as sphericaI of diameter s,

681N =1/(¢s)* . .

and for argon we have by § 46 (1),

Eliminating s between
N=26812.57700°¢° =59 . 101%. g .

If the atoms of argon were ideal hard
~nother with no force except at con

certainly have ¢ = 1 (

* See Ramsay and Travers,
Collected Papers,

¥ Maxwell’s
nted in this paper con

formula as pri

just touching. We have
(3),

N£=57700 .

these equations we find

because with closer p

globes, acting
tact, we should almost

acking than that of

Proc. R. S., Nov. 1900, p. 331.
vol. ii. p. 348, eqn.
tains a very embarrassing mistake,

(7).

@,

(3)-

on one

The
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cubic order it seems not ib '

' : possible that the assembl
have sufficient relative mebility of its parts to give i?%?lic(fi?k)l
_an_d therefore N would be =~ 89 10?°, -~

- § 49. For carbonic acid, hyd : ' L
| : , iydrogen, nitrogen and oxvgen
‘jVii}_}llave gxp.gmmentaldeterml‘natians ,of' theigr d:ansities ijl;gthé
S0. ;h or lquI(j: state 3 ;a:nd dealing with them as we have dealt
with argon, irrespectively of their not being monatomic

ases Ive
E}llo ; if; tg{)lli :results for the ﬁve’gases as shown in the

T,

Coll, — Col2 Col.3.|  Col. 4. Col. 5.
J | Batiunf_ _-_ o T -
| BE | s | LA
a8. ! Solid or liquid density. deugity to cl?ﬁ?ﬂ.ecﬂetggiillﬁie %Iiﬁii?igct;}:laarfgg
a;:::éi;{f;i of gaad&t standard | with gas at (5::’ and
- N o density. TET ) remares.
€O, | Solid 158 1 |
__ olid......... eerreeeenaas 80 - 19 .
H, ! liquid at 17° absolute... ‘090 1008 43*26- 074 1'{%3
N, g‘l&d et r e — 1047 | 833 | 162 . 023
o i id...... SRTTTPINNS VPV 1400 | 1114 | 290 - R37
. . liquid at its freezing pt. 127 | 888 | 150 ? 035
Argon  Hauid oo 1212 | - 681 | 89 000
Arg 5 9 1-020
r solid at 86° absolute ... 1-:396x| 784 | 12:8 ? 960 f‘

In this table, ¢ denoties the ratio to s of the distance from
centre to centre of nearest molecules In an ideal cubic

assemblage of the same densi , : y
i_n Tatotin ools. 3 and 2. ensity as the solid or liquid, as

§ 50. According to Avogadro’s doctrine, the number of
molecules per cubic centimetre is the same for all ¢ perfect *’
gases at the same temperature and pressure ; and even
carbonic acid is nearly enough a “ pertect ga.js ?” for our
present considerations. Hence the actual values of ¢° are
inversely proportional to the numbers by which they are
mlilstlphed in col. 3 of the preceding table. Now, as 'sajgd‘ in
i§1 . 213,111; z;lhmgs considered, 1t seems probable that for argon
: qulh at density 1-212, ¢ may be somewhat greater, but not
much greater, than unity. If it were exactly unity:N would

be 89 .10Y; and I have ck :
; osen ¢g=('89)"* 1
make N the round number 10%. Cogi. 6(, in )the tca:,ll‘)le ng % Ig

* From information communicated by Prof. W, Ramsay, July 23, 1901.




