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PART I.—INTRODUCTORY.

(1) THE most obvious mechanical phenomenon in electrical and magnetical experiments
is the mutual action by which bodies in certain states set each other in motion while
still at a sensible distance from each other. The first step, therefore, in reducing these
phenomena into scientific form, is to ascertain the magnitude and direction of the force
acting between the bodies, and when it is found that this force depends in a certain
way upon the relative position of the bodies and on their electric or magnetic condition,
it seems at first sight natural to explain the facts by assuming the existence of some-
thing either at rest orin motion in each body, constituting its electric or magnetic state,
and capable of acting at a distance according to mathematical laws.

In this way mathematical theories of statical electricity, of magnetism, of the mecha-
nical action between conductors carrying currents,and of the induction of currents have
been formed. In these theories the force acting between the two bodiesis treated with
reference only to the condition of the bodies and their relative position, and without
any express consideration of the surrounding medium.

These theories assume, more or less explicitly, the existence of substances the parti-
cles of which have the property of acting on one another at a distance by attraction

or repulsion. The most complete development of a theory of this kind is that of

M. W. WEBER*, who has made the same theory include electrostatic and electromagnetic
phenomena. _

In doing so, however, he has found it necessary to assume that the force between
two electric particles depends on their relative velocity, as well as on their distance.

This theory, as developed by MM. W. WEBER and C. NEUMANNT, is exceedingly
ingenious, and wonderfully comprehensive in its application to the phenomena of
statical electricity, electromagnetic attractions, induction of currents -and diamagnetic
phenomena; and it comes to us with the more authority, as it has served to guide the
speculations of one who has made so great an advance in the practical part of electric
science, both by introducing a consistent system of units in electricalbmeasurement, and
by actually determining electrical quantities with an accuracy hitherto unknown.

* FElectrodynamische Maassbestimmungen. Leipzic Tﬁans. vol.i.1849,and Tavror’s Scientific Memoirs, vol.v.
art. xiv. ' .

+ ¢ Explicare tentatur quomodo fiat ut lucis planum polarizationis per vires electricas vel magneticas decli-
netur.”—Halis Saxonum, 1838.
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460 PROFESSOR CLERK MAXWELL ON THE ELECTROMAGNETIC FIELD.

(2) The mechanical difficulties, however, which are involved in the assumption of
particles acting at a distance with forces which depend on their velocities are such as
to prevent me from considering this theory as an ultimate one, though it may have been,
and may yet be useful in leading to the coordination of phenomena.

I have therefore preferred to seek an explanation of the fact in another dlrectlon, by
supposing them to be produced by actions which go on in the surrounding medium as
well as in the excited bodies, and endeavouring to explain the action between distant
bodies without assuming the existence of forces capable of acting directly at sensible
distances.

(3) The theory I propose may therefore be called a theory of the Electromagnetic Field,
because it has to do with the space in the neighbourhood of the electric or magnetic bodies,
and it may be called a Dynamical Theory, because it assumes that in that space there is
matter in motion, by which the observed electromagnetic phenomena are produced.

(4) The electromagnetic field is that part of space which contains and surrounds
bodies in electric or magnetic conditions. '

It may be filled with any kind of matter, or we may endeavour to render it empty of
all gross matter, as in the case of GEISSLER'S tubes and other so-called vacua.

There is always, however, enough of matter left to receive and transmit the undulations
of light and heat, and it is because the transmission of these radiations is not greatly
altered when transparent bodies of measurable density are substituted for the so-called
vacuum, that we are obliged to admit that the undulations are those of an wethereal
substance, and not of the gross matter, the presence of which merely modifies in some
way the motion of the wther.

‘We have therefore some reason to believe, from the phenomena of light and heat,
that there is an @thereal medium filling space and permeating bodies, capable of being
set in motion and of transmitting that motion from one part to another, and of com-
municating that motion to gross matter so as to heat it and affect it in various ways.

(5) Now the energy communicated to the body in heating it must have formerly
existed in the moving medium, for the undulations had left the source of heat some time
before they reached the body, and during that time the energy must have been half in
the form of motion of the medium and half in the form of elastic resilience. From
these considerations Professor W. Tnomsox has argued *, that the medium must have a
density capable of comparison with that of gross matter, and has even assigned an infe-
rior limit to that density.

(6) We may therefore receive, as a datum derived from a branch of science inde-
pendent of that with which we have to deal, the existence of a pervading medium, of
small but real density, capable of being set in motion, and of transmitting motion from
one part to another with great, but not infinite, velocity.

Hence the parts of this medium must be so connected that the motion of one part

* « On the Possible Density of the Luminiferous Medium, and on the Mechanical Value of a Cubic Mile of
Sunlight,” Transactions of the Royal Society of Edinburgh (1854), p. 57.



PROFESSOR CLERK MAXWELL ON THE ELECTROMAGNETIC FIELD. 461

depends in some way on the motion of the rest; and at the same time these connexions
must be capable of a certain kind of elastic yielding, since the communication of motion
is not instantaneous, but occupies time.

The medium is therefore capable of receiving and storing up two kinds of energy,
mnamely, the “actual” energy depending on the motions of its parts, and * potential”
energy, consisting of the work which the medium will do in recovering from displace-
ment in virtue of its elasticity.

The propagation of undulations consists in the continual transformation of one of
these forms of energy into the other alternately, and at any instant the amount of
energy in the whole medium is equally divided, so that half is énergy of motion, and
half is elastic resilience.

(7) A medium having such a constitution may be capable of other kinds of motion
and displacement than those which produce the phenomena of light and heat, and some
of these may be of such a kind that they may be evidenced to our senses by the pheno-
mena they produce. :

(8) Now we know that the luminiferous medium is in certain cases acted on by
magnetism ; for FARADAY¥ discovered that when a plane polarized ray traverses a trans-
parent diamagnetic medium in the direction of the lines of magnetic force produced by
magnets or currents in the neighbourhood, the plane of polarization is caused to rotate.

This rotation is always in the direction in which positive electricity must be carried
round the diamagnetic body in order to produce the actual magnetization of the field.

‘M. VerDETY has since discovered that if a paramagnetic body, such as solution of
-perchloride of iron in ether, be substituted for the dlamagnetlc body, the rotation is in
the opposite direction.

Now Professor W. Tuomson] has pointed out that no distribution of forces acting
between the parts of a medium whose only motion is that of the luminous vibrations, is
sufficient to account for the phenomena, but that we must admit the existence of a
motion in the medium depending on the magnetization, in addition to the v1bratory
‘motion which constitutes light.

It is true that the rotation by magnetism of the plane of polarization has been
~ observed only in media of considerable density; but the properties of the magnetic field
are not so much altered by the substitution of one medium for another, or for a vacuum,
“as to allow us to suppose that the dense medium does anything more than merely modify
the motion of the ether. 'We have therefore warrantable grounds for inquiring whether
there may not be a motion of the ethereal medium going on wherever magnetic effects
are observed, and we have some reason to suppose that this motion is one of rotation,
having the direction of the magnetic force as its axis.

(9) We may now consider another phenomenon observed in the electromagnetic

# Experimental Researches, Series 19.
"+ Comptes Rendus (1856, second half year, p. 529, and 1857, first half year, p. 1209).
+ Proceedings of the Royal Society, June 1856 and June 1861.
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field. 'When a body is moved across the lines of magnetic force it experiences what is
called an electromotive force; the two extremities of the body tend to become oppo-
sitely electrified, and an electric current tends to flow through the body. When the
electromotive force is sufficiently powerful, and is made to act on certain compound
bodies, it decomposes them, and causes one of their components to pass towards one
extremity of the body, and the other in the opposite direction.

Here we have evidence of a force causing an electric current in spite of resist-
‘ance; electrifying the extremities of a body in opposite ways, a condition which is
“sustained only by the action of the electromotive force, and which, as soon as that force

is removed, tends, with an equal and opposite force, to produce a counter current through
the body and to restore the original electrical state of the body; and finally, if strong
enough, tearing to pieces chemical compounds and carrying their components in oppo-
site directions, while their natural tendency is to combine, and to combine with a force
which can generate an electromotive force in the reverse direction.

This, then, is a force acting on a body caused by its motion through the electro-
magnetic field, or by changes occurring in that field itself; and the effect of the force is
either to produce a current and heat the body, or to decompose the body, or, when it
can do neither, to put the body in a state of electric polarization,—a state of constraint
in which opposite extremities are oppositely electrified, and from which the body tends
to relieve itself as soon as the disturbing force is removed.

(10) According to the theory which I propose to explain, this * electromotive force”
'is the force called into play during the communication of motion from one part of the
‘medium to another, and it is by means of this force that the motion of one part causes

motion in another part. When electromotive force acts on a conducting circuit, it pro-

~duces a current, which, as it meets with resistance, occasions a continual transformation
of electrical energy into heat, which is incapable of being restored again to the form of
electrical energy by any reversal of the process.

(11) But when electromotive force acts on a dielectric it produces a state of polari-
zation of its parts similar in distribution to the polarity of the parts of a mass of iron
under the influence of a magnet, and like the magnetic polarization, capable of being
described as a state in which every particle has its opposite poles in opposite con-
ditions*.

In a dielectric under the action of electromotive force, we may conceive that'the
electricity in each molecule is so displaced that one side is rendered positively and the
other negatively electrical, but that the electricity remains entirely connected with the
molecule, and does not pass from one molecule to another. The effect of this action on
the whole dielectric mass is to produce a general displacement of electricity in a cer-
tain direction. This displacement does not amount to a current, because when it has
attained to a certain value it remains constant, but it is the commencement of a current,
and its variations constitute currents in the positive or the negative direction according

# Farapay, Exp. Res. Series XI.; Mossorrr, Mem. della Soc. Italiana (Modena), vol. xxiv. part 2. p. 49.
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as the displacement is increasing or decreasing. In the interior of the dielectric there
is no indication of electrification, because the electrification of the surface of any molecule
is neutralized by the opposite electrification of the surface of the molecules in contact
with it; but at the bounding surface of the dielectric, where the electrification is not
neutralized, we find the phenomena which indicate positive or negative electrification.

The relation between the electromotive force and the amount of electric displacement
it produces depends on the nature of the dielectric, the same electromotive force pro-
-ducing generally a greater electric displacement in solid dielectrics, such as glass or
sulphur, than in air. ‘

(12) Here, then, we perceive another effect of electromotive force, namely, electric
displacement, which according to our theory is a kind of elastic yielding to the action
of the force, similar to that which takes place in structures and machines owing to the
want of perfect rigidity of the connexions.

(13) The practical investigation of the inductive capacity of dlelectucq is rendered
difficult on account of two disturbing phenomena. The first is the conductivity of the
dielectric, which, though in many cases excéedingly small, is not altogether insensible.
The second is the phenomenon called electric absorption*, in virtue of which, when the
dielectric is exposed to electromotive force, the electric displacement gradually increases,
and when the electromotive force is removed, the dielectric does not instantly return to
its primitive state, but only discharges a portion of its electrification, and when left to
itself gradually acquires electrification on its surface, as the interior gradually becomes
.depolarized. Almost all solid dielectrics exhibit this phenomenon, which gives rise to
the residual charge in the Leyden jar, and to several phenomena of electric cables
described by Mr. F. JENKIN .

(14) We have here two other kinds of yielding besides the yleldmo of the perfect
dielectric, which we have compared to a perfectly elastic body. The yielding due to
“conductivity may be compared to that of a viscous fluid (that is to say, a fluid having
great internal friction), or a soft solid on which the smallest force produces a permanent
-alteration of figure increasing with the time during which the force acts. The yielding
“due to electric absorption may be compared to that of a cellular elastic body containing
‘a thick fluid in its cavities. Such a body, when subjected to pressure, is compressed by
degrees on account of the gradual yielding of the thick fluid; and when the pressure is
‘removed it does not at once recover its figure, because the elasticity of the substance of
the body has gradually to overcome the tenacity of the fluid before it can regain com-
-plete equilibrium.

Several solid bodies in which no such structure as we have supposed can be found,
. seemn to possess a mechanlcal property of this kind §; and it seems probable that the

* Farapay, Exp. Res. 1233-1250.

t Reports of British Association, 1859, p. 248; and Report of Committee of Board of Trade on Submarine
Cables, pp. 136 & 464.

+ As, for instance, the composition of glue, treacle, &c., of which small plastic figures are made, which after
being distorted gradually recover their shape.
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same substances, if dielectrics, may possess the analogous electrical property, and if
magnetic, may have corresponding properties relating to the acquisition, retention, and
loss of magnetic polarity.

(15) It appears therefore that certain phenomena in. electricity and magnetism lead
to the same conclusion as those of optics, namely, that t}llere is an sethereal medium
pervading all bodies, and modified only in degree by their presence; that the parts of
this medium are capable of being set in motion by electric currents and magnets; that
this motion is communicated from one part of the medium to another by forces arising
from the connexions of those parts; that under the action of these forces there is a
certain yielding depending on the elasticity of these connexions; and that therefore
energy in two different forms may exist in the medium, the one form being the actual
energy of motion of its parts, and the other being the potential energy stored up in the
connexions, in virtue of their elasticity.

(16) Thus, then, we are led to the conception of a complicated mechanism capable
of a vast variety of motion, but at the same time so connected that the motion of one
part depends, according to definite relations, on the motion of other parts, these motions
‘being communicated by forces arising from the relative displacement of the connected
parts, in virtue of their elasticity. Such a mechanism must be subject to the general
laws of Dynamics, and we ought to be able to work out all the consequences of its
motion, provided we know the form of the relation between the motions of the parts.

(17) We know that when an electric current is established in a conducting circuit,
the neighbouring part of the field is characterized by certain magnetic properties, and
that if two circuits are in the field, the magnetic properties of the field due to the two
currents are combined. Thus each part of the field is in connexion with both currents,
and the two currents are put in connexion with each other in virtue of their con-
nexion with the magnetization of the field. The first result of this connexion that 1
‘propose to examine, is the induction of one current by another, and by the motion of
conductors in the field. '

The second result, which is deduced from this, is the mechanical action between con-
ductors carrying currents. The phenomenon of the induction of currents has been
deduced from their mechanical action by HeLmMuornrz* and TaomsoNf. I have followed
the reverse order, and deduced the mechanical action from the laws of induction. I
liave then described experimental methods of determining the quantities L, M,.N, on
‘which these phenomena. depend.

(18) I then apply the phenomena of induction and attraction of currents to the
exploration of the electromagnetic field, and the laying down systems of lines of mag-
netic force which indicate its magnetic properties. By exploring the same field with a
magnet, I show the dxstrlbutlon of its equipotential magnetic surfaces, cutting the lines
of force at right angles.

# < (onservation of Force,” Physical Society of Berlin, 1847; and Tayror’s Scientific . Memoirs, 1853,
.p. 114,
+ Reports of the British Assomatxon, 1848; Philosophical 1VIagazme, Dee. 1851..
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In order to bring these results within the power of symbolical calculation, I then
express them in the form of the General Equations of the Electromagnetic Fleld
These equations express— :

. (A) The relation between electric dlsplacement true conduction, and the total

current, compounded of both.

- (B) The relation between the lines of magnetic force and the inductive coeflicients of
a cireuit, as already deduced from the laws of induction. ' ;

- (C) The relation between the strength of a current and its magnetic eﬁ'ects, according

: to the electromagnetic system of measurement.

. (D) The value of the electromotive force in a body, as arising from the motion of the
body in the field, the alteration of the field itself, and the variation of electric
potential from one part of the field to another.

(E) The relation between electric displacement, and the electromotive f01ce which

produces it.

(F) The relation between an electric current, and the electromotive force which pro-

duces it. : '

(G) The relation between the amount of free electricity at any point, and the electric

displacements in the neighbourhood. ‘

(H) The relation between the increase or diminution of free electricity and the elec-

tric currents in the neighbourhood.

There are twenty of these equations in all, involving twenty variable quantities.

(19) I then express in terms of these quantities the intrinsic energy of the Electro-
magnetic Field as depending partly on its magnetic and partly on its electric polariza-
tion at every point. - ‘

From this I determine the mechanical force acting, 1st, on a moveable conductor
carrying an, electric current ; 2ndly, on a magnetic pole; 3rdly, on an electrified body.

The last result, namely, the mechanical force acting on an electrified body, gives rise
to an independent method of electrical measurement founded on its electrostatic effects.
The relation between the units employed in the two methods is shown to depend on
what I have called the “ electric elasticity” of the medium, and to be a velocity, which
has been experimentally determined by MM. WEBER and KOHLRAUSCH.

I then show how to calculate the electrostatic capacity of a condenser, and.the
specific inductive capacity of a dielectric.

The case of a condenser composed of parallel layers of substances of different electric
resistances and inductive capacities is next examined, and it is shown that the pheno-
menon called electric absorption will generally occur, that is, the condenser, when
suddenly discharged, will after a short time show signs of a residual charge.

~ (20) The general equations are next applied to the case of a magnetic disturbance

propagated through a non-conducting field, and it is shown that the only disturbances

which can be so propagated are those which are transverse to the direction of propaga-
tion, and that the velocity of propagation is the velocity v, found from experiments such
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as those of WEBER, which expresses the number of electrostatic units of electricity
which are contained in one electromagnetic unit.

This velocity is so nearly that of light, that it seems we have strong reason to con-
clude that light itself (including radiant heat, and other radiations if any) is an electro-
magnetic disturbance in the form of waves propagated through the electromagnetic field
according to electromagnetic laws. If so, the agreement between the elasticity of the
medium as calculated from the rapid alternations of luminous vibrations, and as found
by the slow processes of electrical experiments, shows how perfect and regular the
elastic properties of the medium must be when not encumbered with any matter denser
than air. If the same character of the elasticity is retained in dense transparent bodies,
it appears that the square of the index of refraction is equal to the product of the
specific dielectric capacity and the specific magnetic capacity. Conducting media are’
shown to absorb such radiations rapidly, and therefore to be generally opaque.

The conception of the propagation of transverse magnetic disturbances to the exclu-
sion of normal ones is distinctly set forth by Professor FARADAY* in his “Thoughts on
Ray Vibrations.” The electromagnetic theory of light, as proposed by him, is the same
in substance as that which I have begun to develope in this paper, except that in 1846
there were no data to calculate the velocity of propagation.

(21) The general equations are then applied to the calculation of the coefficients of
mutual induction of two circular currents and the coefficient of self-induction in a coil.
The want of uniformity of the current in the different parts of the section of a wire at
the commencement of the current is investigated, I believe for the first time, and the
consequent correction of the coefficient of self-induction is found.

These results are applied to the calculation of the self-induction of the coil used in
the experiments of the Committee of the British Association on Standards of Electric
Resistance, and the value compared with that deduced from the experiments.

PART IL—ON ELECTROMAGNETIC INDUCTION.

Electromagnetic Momentum of « Current.

(22) We may begin by considering the state of the field in the neighbourhood of an
electric current. 'We know that magnetic forces are excited in the field, their direction
and magnitude depending according to known laws upon the form of the conductor
carrying the current. When the strength of the current is increased, all the magnetic
effects are increased in the same proportion. Now, if the magnetic state of the field
depends on motions of the medium, a certain force must be exerted in order to increase
or diminish these motions, and when the motions are excited they continue, so that the
effect of the connexion between the current and the electromagnetic field surrounding
it, is to endow the current with a kind of momentum, just as the connexion between
the driving-point of a machine and a fly-wheel endows the driving-point with an addi-

* Philosophical Magazine, May 1846, or Experimentai Researches, iii. p. 447.
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tional momentum, which may be called the momentum of the fly-wheel reduced to
the driving-point. The unbalanced force acting on the driving-point increases this
momentum, and is measured by the rate of its increase.

In the case of electric currents, the resistance to sudden increase or diminution of
strength produces effects exactly like those of momentum, but the amount of this mo-
mentum depends on the shape of the conductor and the relative position of its different
parts.

Mutual Action of two Currents.

(28) If there are two electric currents in the field, the magnetic force at any point is
that compounded of the forces due to each current separately, and since the two currents
are in connexion with every point of the field, they will be in connexion with each other,
so that any increase or diminution of the one will produce a force acting with or con-
trary to the other.

Dynamical Illustration of Reduced Momentum.

(24) As a dynamical illustration, let us suppose a body C so connected with two
independent driving-points A and B that its velocity is p times that of A together with
g times that of B. Let u be the velocity of A, v that of B, and w that of C, and let oz,
3y, 0z be their simultaneous displacements, then by the general equation of dynamics*,

d A
C %’ de=Xdz+ Yoy,

where X and Y are the forces acting at A and B.

But p J J
w U v
=Pt
and
dz=pdx+qdy.

Substituting, and remembering that 8 and dy are independent,

d \
X =2(Cp’u+Cpgqv),

; - M
Y= Z(Cpgu+Cqv).

We may call Cp*u+Cpqv the momentum of C referred to A, and Cpgu-4-Cg its
momentum referred to B; then we may say that the effect of the force X is to increase the
momentum of C referred to A, and that of Y to increase its momentum referred to B.

If there are many bodies connected with A and B in a similar way but with different
values of p and ¢, we may treat the question in the same way by assuming

L=3(Cp"), M=3(Cps), and N=3(Cp),

* LaerancE, Mée. Anal. ii. 2. § 5.
MDCCCLXYV. 3s
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where the summation is extended to all the bodies with their proper values of C, p, and g¢.
Then the momentum of the system referred to A is
Ly +Mpy,
and referred to B,
' M4 No,
and we shall have

d )
X =7 (Lu4-M),

: (2)
Y:%(Mu+Nv), }f

where X and Y are the external forces acting on A and B.

(25) To make the illustration more complete we have only to suppose that the
motion of A is resisted by a force proportional to its velocity, which we may call Ru,
and that of B by a similar force, which we may call Sv, R and S being coefficients of
resistance. Then if £ and # are the forces on A and B

§=X+Ru=Ru—|--%(Lu+Mv), \

; [ . (3)
7=Y +Sv =Sv 4+ (Mu+No) |

If the velocity of A be increased at the rate ‘2—1; » then in order to prevent B from moving

d . .
a force, 7= —;(Mu) must be applied to it.

This effect on B, due to an increase of the velocity of A, corresponds to the electro-
motive force on one circuit arising from an increase in the strength of a neighbouring
circuit. '

This dynamical illustration is to be considered merely as assisting the reader to under-
stand what is meant in mechanics by Reduced Momentum. The facts of the induction
of currents as depending on the variations of the quantity called Electromagnetic Mo-
mentum, or Electrotonic State, rest on the experiments of FARADAY *, FELICIF, &ec.

Coefficients of Induction for Two Circuits.

(26) In the electmmagnetlc field the values of L, M, N depend on the distribution
of the magnetic effects due to the two circuits, and this distribution depends only on
the form and relative position of the circuits. Hence L, M, N are quantities depending
on the form and relative position of the circuits, and are subject to variation with the
motion of the conductors. It will be presently seen that I, M, N are geometrical
quantities of the nature of lines, that is, of one dimension in space; L depends on the
form of the first conductor, which we shall call A, N on that of the second, which we
shall call B, and M on the relative position of A and B. '

(27) Let £ be the electromotive force acting on A, & the strength of the current and

* Experimental Researches, Series 1., IX. 1 Annales de Chimie, sér. 3. xxxiv. (1852) p. 64.
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R the resistance, then Ra will be the resisting force. In steady currents the electro-
motive force just balances the resisting force, but in variable currents the resultant
force =Rz is expended in increasing the * electromagnetic momentum,” using the
word momentum merely to express that which is generated by a force acting during a
time, that is, a velocity existing in a body.

In the case of electric currents, the force in action is not ordinary mechanical force, at
least we are not as yet able to measure it as common force, but we call it electromotive
force, and the body moved is not merely the electricity in the conductor, but something
outside the conductor, and capable of being affected by other conductors in the neighbour-
hood carrying currents. In this it resembles rather the reduced momentum of a driving-
point of a machine as influenced by its mechanical connexions, than that of a simple
moving body like a cannon ball, or water in a tube.

Electromagnetic Relations of two Conducting Circuits.

(28.) In the case of two conducting circuits, A and B, we shall assume that the
electromagnetic momentum belonging to A is

‘ Lz 4 My,
and that belonging to B,
Moz + Ny,

where L, M, N correspond to the same quantities in the dynamical illustration, except
that they are supposed to be capable of variation when the conductors A or B are
moved. ,

Then the equation of the current 2 in A will be

, d
and that of y in B
. | P
n:Sy+%(Mw+Ny), e )

where £ and 7 are the electromotive forces, # and y the currents, and R and S the
resistances in A and B respectively.

Induction of one Current by another.

‘ (29) Case 1st. Let there be no electromotive force on B, except that which arises
from the action of A, and let the current of A increase from 0 to the value #, then

d
whence

t
Y:j\ ydt= —-—l\sgx,
0

that is, a quantity of electricity Y, being the total induced current, will flow through B
when # rises from 0 to 2. This is induction by variation of the cwrent in the primary
382
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conductor. 'When M is positive, the induced current due to increase of the primary
current is negative.

Induction by Motion of Conductor.

(30) Case 2nd. Let & remain constant, and let M change from M to M/, then

M!'—M

Y=— S

x;

so that if M is increased, which it will be by the primary and secondary circuits
approaching each other, there will be a negative induced current, the total quantity of
electricity passed through B being Y.

This is induction by the relative motion of the primary and secondary conductors.

Equation of Work and Energy.

(81) To form the equation between work done and energy produced, multiply (1) by
x and (2) by y, and add

d d
Er+ny=Ra’+8y’+ao (Le+My)+y 7 (Ma+Ny). . . . . (8)

Here £z is the work done in unit of time by the electromotive force £ acting on the
current # and maintaining it, and sy is the work done by the electromotive force 7.
Hence the left-hand side of the equation represents the work done by the electromotive
forces in unit of time.

Heat produced by the Current.

(82) On the other side of the equation we have, first,
Ra*+Sy’=H, . . . . . . . . . . . (9
which represents the work done in overcoming the resistance of the circuits in unit of

time. This is converted into heat. The remaining terms represent work not converted
into heat. They may be written

d dL ,  dM dN |
(Lt +2May+ Ny') +E Grat+ g ay+3 g 0~

[N

Intrinsic Enerqy of the Currents.

(83) If I, M, N are constant, the whole work of the electromotive forces which is
not spentagainst resistance will be devoted to the development of the currents. The
whole intrinsic energy of the currents is therefore

a4 May+3Np=E. . . . . . . . . . (10)

This energy exists in a form imperceptible to our senses, probably as actual motion, the
seat of this motion being not merely the conducting circuits, but the space surrounding
them.
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Mechanical Action between Conductors.

(34) The remaining terms,

R I € §)
represent the work done in unit of time arising from the variations of I, M, and N, or,
what is the same thing, alterations in the form and position of the conducting circuits
A and B.

Now if work is done when a body is moved, it must arise from ordinary mechanical
force acting on the body while it is moved. Hence this part of the expression shows
that there is a mechanical force urging every part of the conductors themselves in that
direction in which L, M, and N will be most increased.

The existence of the electromagnetic force between conductors carrying currents is
therefore a direct consequence of the joint and independent action of each current on
the electromagnetic field. If A and B are allowed to approach a distance ds, so as to
increase M from M to M' while the currents are 2 and g, then the work done will be

(M'—M)zy,

and the force in the direction of ds will be
dM '
hd?xy"""""';"(12)

and this will be an attraction if « and y are of the same sign, and if M is increased as
A and B approach.

It appears, therefore, that if we admit that the unresisted part of electromotive force
goes on as long as it acts, generating a self-persistent state of the current, which
we may call (from mechanical analogy) its electromagnetic momentum, and that this
momentum depends on circumstances external to the conductor, then both induction of
currents and electromagnetic attractions may be proved by mechanical reasoning.

‘What I have called electromagnetic momentum is the same quantity which is called
by FArRADAY* the electrotonic state of the circuit, every change of which involves the
action of an electromotive force, just as change of momentum involves the action of
mechanical force.

If, therefore, the phenomena described by FArRADAY in the Ninth Series of his Expe-
rimental Researches were the only known facts about electric currents, the laws of
Awriire relating to the attraction of conductors carrying currents, as well as those
of FArRADAY about the mutual induction of currents, might be deduced by mechanical
reasoning.

In order to bring these results within the range of experimental verification, I shall
next investigate the case of a single current, of two currents, and of the six currents
in the electric balance, so as to enable the experimenter to determine the values of
L, M, N.

* Experimental Researches, Series L. 60, &e.



472 PROFESSOR CLERK MAXWELL ON THE ELECTROMAGNETIC FIELD.

Case of a single Circuit.

(35) The equation of the current x in a circuit whose resistance is R, and whose
coeflicient of self-induction is L, acted on by an external electromotive force , is

f—Re=alo. . . . . . . .. . (13)
When £ is constant, the solution is of the form
_R,
x=b+(a—0b) *°,

where @ is the value of the current at the commencement, and & is its final value.
The total quantity of electricity which passes in time 7, where ¢ is great, is

j}ﬁ=w+m_m%.. N 6 U

The value of the integral of 4* with respect to the time is

f%ﬁ:%+@~@%@?ﬁ. R ¢ 1)

The actual current changes gradually from the initial value ¢ to the:final value b, but
the values of the integrals of & and 2* are the same as if a steady current of intensity

$(a+0b) were to flow for a time 2%, and were then succeeded by the steady current 4.

The time 2% is generally so minute a fraction of a second, that the effects on the galvano-

meter and dynamometer may be calculated as if the impulse were instantaneous.
If the circuit consists of a battery and a coil, then, when the circuit is first completed,
the effects are the same as if the current had only half its final strength during the time

QLE. This diminution of the current, due to induction, is sometimes called the counter-

current.
(86) If an additional resistance 7 is suddenly thrown into the circuit, as by breaking
contact, so as to force the current to pass through a thin wire of resistance », then the

£ £
R R+r’

The current of induction is then 4 , and continues for a time 2% . This

original current is ¢=-, and the final current is b=

2RA7
"R(R+r) .
current is greater than that which the battery can maintain in the two wires R and r,
and may be sufficient to ignite the thin wire 7.
When contact is broken by separating the wires in air, this additional resistance is
given by the interposed air, and since the electromotive force across the new resistance
is very great, a spark will be forced across.
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If the electromotive force is of the form Esin pZ, as in the case of a coil revolving in
a magnetic field, then E
w:Esin (pt—a),

where ¢>=R’+1L7%? and tan a=‘%-

Case of two Circuits.

(87) Let R be the primary circuit and S the secondary circuit, then we have a case
similar to that of the induction coil.

The equations of currents are those marked A and B, and we may here assume
I, M, N as constant because there is no motion of the conductors. The equations
then become

RmH;t+Mﬁ_zl
: (13%)

R/ d,
Sy +M 2+ N/ =0. }

To find the total quantity of electricity which passes, we have only to integrate these
equations with respect to ¢; then if &, y, be the strengths of the currents at time 0,
and @,, y, at time ¢, and if X, Y be the quantities of electricity passed through each
circuit during time 7,

X =2 (&4 L(m,—a) + M(ga—1)},
(14%)

Y =g {M(z,— )+ N(z—7.)}.

When the circuit R is completed, then the total currents up to time #, when 7 is

great, are found by making

2,=0, xl_——%a %,=0, ?/1:0§
then ' ' .
X=xl<t—%>, Y=—%a. . . ... (159

The value of the total counter-current in R is therefore independent of the secondary
circuit, and the induction current in the secondary circuit depends only on M, the
cocfficient of induction between the coils, S the resistance of the secondary coil, and
x, the final strength of the current in R.

When the electromotive force & ceases to act, there is an extra current in the pri-
mary circuit, and a positive induced current in the secondary circuit, whose values are
equal and opposite to those produced on making contact. '

(38) All questions relating to the total quantity of transient currents, as measured
by the impulse given to the magnet of the galvanometer, may be solved in this way
without the necessity of a complete solution of the equations. The heating effect of
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the current, and the impulse it gives to the suspended coil of WEBER'S dynamometer,
depend on the square of the current at every instant during the short time it lasts.
Hence we must obtain the solution of the equations, and from the solution we may find
the effects both on the galvanometer and dynamometer; and we may then make use of
the method of WEBER for estimating the intensity and duration of a current uniform
while it lasts which would produce the same effects.

(39) Let n,, n, be the roots of the equation

(LN—M%)w*+ (RN+LS)n+RS=0, . . . . . . (16)

and let the primary coil be acted on by a constant electromotive force Re, so that ¢ is
the constant current it could maintain; then the complete solution of the equations for
making contact is

, S S
w:é— n’:f;q{(;lﬁ-N)e""-— (;{FN) ”2‘+Sn;21n }, N YY)
M
_E_S__ n’n_l_z {enlt ﬂzt}. . . . . . - - . . . . . . (18)

From these we obtain for calculating the impulse on the dynamometer,

2 2 L Me
‘s‘d}' dt=c¢ {t-—% R—%—Eﬁm}’ FE N (19)
2 ._______M R e e e . )
Sydi=c} 2S(RN+LS) cee s (0

The effects of the current in the secondary coil on the galvanometer and dynamometer
are the same as those of a uniform current

.. MR
......—c_.______._._
2"RN+LS

L N
2 (R+§> '
(40) The equation between work and energy may be easily verified. The work done
by the electromotive force is

for a time

tfadt=c*(Rt—L).
Work done in overcoming resistance and producing heat,
Ria*dt+S{ydt=c'(Rt—31L).
=1L

(41) If the circuit R is suddenly and completely interrupted while carrying a current
¢, then the equation of the current in the secondary coil would be

Energy remaining in the system,

S

M .5
—p TN
y=ege ¥ .

This current begins with a value M N’ and gradually disappears.
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2
The total quantity of electricity is M , and the value of [y*dt is 02—2—1%4—1@-
The effects on the galvanometer and dynamometer are equal to those of a uniform
M . N
. 1.2 £ .
current ¢ for a time 2§

- The heating effect is therefore greater than that of the current on making contact.
(42) If an electromotive force of the form £=E cos p? acts on the circuit R, then if
the circuit S is removed, the value of # will be

P ]?X sin ( pt—a),
where
A2 =R2+ L2 2,

and

Lp
tan e=="

The effect of the presence of the circuit S in the neighbourhood is to alter the value
of A and e, to that which they would be if R become
s MS
R+_p m b
and L became

MN
L—p? ST N
Hence the effect of the presence of the circuit S is to increase the apparent resistance and

diminish the apparent self<induction of the circuit R.

On the Determination of Coefficients of Induction by the Electric Balance.

(48) The electric balance consists of six con-
ductors joining four points, AC DE, two and two.
One pair, A C, of these points is connected through
the battery B. The opposite pair, D E, is connected
through the galvanometer G. Then if the resistances
of the four remaining conductors are represented by
P, Q, R, S, and the currents in them by 2, #—z, Y
and y+2, the current through G will be z. Let the
potentials at the four pointsbe A, C, D, E. Then the conditions of steady currents may
be found from the equations

Pr=A—-D Q(x#—z)=D—C,
Ry=A-E S(y+2)=E—-C, e 1§
Gz=D—E B(z+y)=—A-+C+F.

Solving these equations for z, we find

fprirbrbn(red) (508 +o( ) (140 + e rarmso) (i

MDCCCLXY. 3T

—ag)- (22)
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In this expression F is the electromotive force of the battery, z the current through
the galvanometer when it has become steady. P, Q, R, S the resistances in the four
arms. B that of the battery and electrodes, and G that of the galvanometer.

(44) If PS=QR, then z=0, and there will be no steady current, but a transient
current through the galvanometer may be produced on making or breaking circuit on
account of induction, and the indications of the galvanometer may be used to determine
the coefficients of induction, provided we understand the actions which take place.

We shall suppose PS=QR, so that the current z vanishes when sufficient time is
allowed, and

F(P+Q)(R+8)
HP+Q)=y(R+8)= (p Q&+ + B+ QETS)

Let the induction coefficients between P, Q, R S, be
given by the following Table, the coeffivient of induction
of P on itself being p, between P and Q, 4, and so on.

Let g be the coeflicient of induction of the galvanometer
on itself, and let it be out of the reach of the inductive
influence of P, Q, R, S (as it must be in order to avoid
direct action of P, Q, R, S on the needle). Let X, Y, Z be the integrals of &, Y 2
with respect to Z. At making contact &, ¥, z are zero. After a time z disappears, and
x and y reach constant values. The equations for each conductor will therefore be

PX +(p+h o4k +1 )y=IAdt—{Ddt,
QX—Z)+(h+q )x+(m+n)y=j'Ddt-—SCdt,
RY +(k+m)z+(r +o)y=fAdt—(Edt,}. . . . . (24)
S(Y+Z) +(I 4n Ja+(o +s)y=[Edt—{Cdt,
GZ={Dtd—(Edt.

P
P
h
k
l

® = O
° %3 s
@ O 8§ N’

Solving these equations for Z, we find
a{ptatitsHB(pe) (a+s) +6(ba) (2+5) +rans @+QHR49)]]

i (b )+ () (R ) ()

"~

(2

(45) Now let the deflection of the galvanometer by the instantaneous current whose
intensity is Z be w. '

Let the permanent deflection produced by making the ratio of PS to QR, ¢ instead of
unity, be 4.

Also let the time of vibration of the galvanometer needle from rest to rest be T.

5)
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Then calling the quantity

i) ) (i) G o) o) o

we find

Z_gsndaT r o @)

2z~ tand w;l—g'

In determining = by experiment, it is best to make the alteration of resistance in one
of the arms by means of the arrangement described by Mr. JENKIN in the Report of the
British Association for 1863, Ly which any value of ¢ from 1 to 101 can be accurately
measured.

We observe («) the greatest deflection due to the impulse of induction when the
galvanometer is in circuit, when the connexions are made, and when the resistances are
so adjusted as to give no permanent current.

We then observe () the greatest deflection produced by the permanent current when
the resistance of one of the arms is increased in the ratio of 1 to ¢, the galvanometer
not being in circuit till a little while after the connexion is made with the battery.

In order to eliminate the effects of resistance of the air, it is best to vary ¢ till 3=2a
nearly; then ' . :

y r=T}ﬂ—0%%%§~- (28

If all the arms of the balance except P consist of resistance coils of very fine wire of

no great length and doubled before being coiled, the induction coefficients belonging to

these coils will be insensible, and 7 will be reduced to % The electric balance there-

+

fore affords the means of measuring the self-induction of any circuit whose resistance is
known.

(46) It may also be used to determine the coefficient of induction between two
circuits, as for instance, that between P and S which we have called m; but it would be
more convenient to measure this by directly measuring the current, as in (37), without

using the balance. We may also ascertain the equality of % and z% by there being no

current of induction, and thus, when we know the value of p, we may determine that of
¢ by a more perfect method than the comparison of deflections.

Exploration of the Electromagnetic Field.

(47) Let us now suppose the primary circuit A to be of invariable form, and let us
explore the electromagnetic field by means of the secondary circuit B, which we shall
suppose to be variable in form and position.

We may begin by supposing B to consist of a short straight conductor with its extre-
mities sliding on two parallel conducting rails, which are put in connexion at some
distance from the sliding-piece.

312
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Then, if sliding the moveable conductor in a given direction increases the value of M,
a negative electromotive force will act in the circuit B, tending to produce a negative
current in B during the motion of the sliding-piece.

If a current be kept up in the circuit B, then the sliding-piece will itself tend to
move in that direction, which causes M to increase. At every point of the field there
will always be a certain direction such that a conductor moved in that direction does
not experience any electromotive force in whatever direction its extremities are turned.
A conductor carrying a current will experience no mechanical force urging it in that
direction or the opposite.

This direction is called the direction of the line of magnetic force through that point.

Motion of a conductor across such a line produces electromotive force in a direction
perpendicular to the line and to the direction of motion, and a conductor carrying a
current is urged in a direction perpendicular to the line and to the direction of the
current. ' ’

(48) We may next suppose B to consist of a very small plane circuit capable of being
placed in any position and of having its plane turned in any direction. The value of M
will be greatest when the plane of the circuit is perpendicular to the line of magnetic
force. Hence if a current is maintained in B it will tend to set itself in this position,
and will of itself indicate, like a magnet, the direction of the magnetic force.

On Lines of Magnetic Force.

(49) Let any surface be drawn, cutting the lines of magnetic force, and on this sur-
face let any system of lines be drawn at small intervals, so as to lie side by side without
cutting each other. Next, let any line be drawn on the surface cutting all these lines,
and let a second line be drawn near it, its distance from the first being such that the
value of M for each of the small spaces enclosed between these two lines and the lines
of the first system is equal to unity. '

In this way let more lines be drawn so as to form a second system, so that the value of
M for every reticulation formed by the intersection of the two systems of lines is unity.

Finally, from every point of intersection of these reticulations let a line be drawn
through the field, always coinciding in direction with the direction of magnetic force.

(50) In this way the whole field will be filled with lines of magnetic force at regular
intervals, and the properties of the electromagnetic field will be completely expressed
by them.

For, 1st, If any closed curve be drawn in the field, the value of M for that curve will
be expressed by the number of lines of force which pass through that closed curve.

2ndly. If this curve be a conducting circuit and be moved through the field, an
electromotive force will act in it, represented by the rate of decrease of the number of
lines passing through the curve.

3rdly. If a current be maintained in the circuit, the conductor will be acted on by
forces tending to move it so as to increase the number of lines passing through it, and
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the amount of work done by these forces is equal to the current in the circuit multi-
plied by the number of additional lines. |

4thly. Ifa small plane circuit be placed in the field, and be free to turn, it will place
its plane perpendicular to the lines of force. A small magnet will place itself with its
axis in the direction of the lines of force. ‘

6thly. If a long uniformly magnetized bar is placed in the field, each pole will be
acted on by a force in the direction of the lines of force. The number of lines of force
passing through unit of area is equal to the force acting on a unit pole multiplied by a
coefficient depending on the magnetic nature of the medium, and called the coefficient
of magnetic induction.

In fluids and isotropic. solids the value of this coefficient w is the same in whatever
direction the lines of force pass through the substance, but in crystallized, strained, and
organized solids the value of % may depend on the direction of the lines of force with |
respect to the axes of crystallization, strain, or growth.

In all bodies p is affected by temperature, and in iron it appears to diminish as the
intensity of the magnetization increases.

On Magnetic Equipotential Surfaces.

(51) If we explore the field with a uniformly magnetized bar, so long that one of its
poles is in a very weak part of the magnetic field, then the magnetic forces will perform
work on the other pole as it moves about the field.

If we start from a given point, and move this pole from it to any other point, the
work performed will be independent of the path of the pole between the two points;
provided that no electric current passes between the different paths pursued by the pole.

Hence, when there are no electric currents but only magnets in the field, we may
draw a series of surfaces such that the work done in passing from one to another shall
be constant whatever be the path pursued between them. Such surfaces are called
Equipotential Surfaces, and in ordinary cases are perpendicular to the Lines of mag-
netic force.

If these surfaces are so drawn that, when a unit pole passes from any one to the
next in order, unity of work is done, then the work done in any motion of a magnetic
pole will be measured by the strength of the pole multiplied by the number of surfaces
‘which it has passed through in the positive direction.

(52) If there are circuits carrying electric currents in the field, then there will still
be equipotential surfaces in the parts of the field external to the conductors carrying the
- currents, but the work done on a unit pole in passing from one to another will depend
on the number of times which the path of the pole circulates round any of these
currents. Hence the potential in each surface will have a series of values in arith-
metical progression, differing by -the work done in passing completely round one of the
currents in the field. . ‘

The equipotential surfaces will not be continuous closed surfaces, but some of them
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will be limited sheets, terminating in the electric circuit as their common edge or
boundary. The number of these will be equal to the amount of work done on a unit
pole in going round the current, and this by the ordinary measurement =4y, where y
is the value of the current.

These surfaces, therefore, are connected with the electric current as soap-bubbles are
connected with a ring in M. PLATEAU’S experiments. Every current ¢ has 47y surfaces
attached to it. These surfaces have the current for their common edge, and meet it at
equal angles. The form of the surfaces in other parts depends on the presence of other
currents and magnets, as well as on the shape of the circuit to which they belong.

PART III—GENERAL EQUATIONS OF THE ELECTROMAGNETIC FIELD.

(63.) Let us assume three rectangular directions in space as the axes of #, y, and z,

and let all quantities having direction be expressed by their components in these three
directions.
Electrical Currents (p, q, 1).

(54) An electrical current consists in the transmission of electricity from one part of
a body to another. ILet the quantity of electricity transmitted in unit of time across
unit of area perpendicular to the axis of & be called p, then p is the component of the
current at that place in the direction of x.

We shall use the letters p, ¢, » to denote the components of the current per unit of
area in the directions of &, 7, 2

Electrical Displacements (f, g, h).

(55) Electrical displacement consists in the opposite electrification of the sides of a
molecule or particle of a body which may or may not be accompanied with transmission
through the body. Let the quantity of electricity which would appear on the faces
dy.dz of an element dx, dy, dz cut from the body be f.dy.dz, then f'is the component
of electric displacement parallel to . We shall use f; ¢, & to denote the electric
displacements parallel to , 7, z respectively.

The variations of the electrical displacement must be added to the currents p, ¢, 7 to
get the total motion of electricity, which we may call ¢/, ¢, 7/, so that

af

|

gg+dt,L 7V
D |

7‘,—7'+’Jt‘5

Electromotive Force (P, Q, R). ,
(66) Let P, Q, R represent the components of the electromotive force at any point.
Then P represents the difference of potential per unit of length in a conductor
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placed in the direction of # at the given point. We may suppose an indefinitely short’
wire placed parallel to 2 at a given point and touched, during the action of the force P,
by two small conductors, which are then insulated and removed from the influence of
the electromotive force. The value of P might then be ascertained by measuring the
charge of the conductors.

Thus if / be the length of the wire, the difference of potential at its ends will be P,
and if C be the capacity of each of the small conductors the charge on each will be
$CPl.  Since the capacities of moderately large conductors, measured on the electro-
magnetic system, are exceedingly small, ordinary electromotive forces arising from
electromagnetic actions could hardly be measured in this way. In practice such measure-
ments are always made with long conductors, forming closed or nearly closed circuits.

Electromagnetic Momentum (F, G, H).

(87) Let ¥, G, II represent the components of electromagnetic momentum at any
point of the field, due to any system of magnets or currents.

Then F is the total impulse of the electromotive force in the direction of & that would
be generated by the removal of these magnets or currents from the field, that is, if P
be the electromotive force at any instant during the removal of the system

F={Pdt.
Hence the part of the electromotive force which depends on the motion of magnets or

currents in the field, or their alteration of intensity, is

—_drF —_ 4G 45 (29

- Electromagnetic Momentum of o« Circuit.
(58) Let s be the length of the circuit, then if we integrate

f(Fds+Gd/+11 ) o)

round the circuit, we shall get the total electromagnetic momentum of the circuit, or the
number of lines of magnetic force which pass through it, the variations of which measure
the total electromotive force in the circuit. This electromagnetic momentum is the
same thing to which Professor FARADAY has applied the name of the Electrotonic State.

If the circuit be the boundary of the elementary area dy dz, then its electromagnetic

momentum is

dH . dG
(7—2)wd

and this is the number of lines of magnetic force which pass through the area dy dz.

Magnetic Force (e, 3, 7).
(69) Let @, B, y represent the force acting on a unit magnetic pole placed at the
given point resolved in the directions of z, y, and z.
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Coefficient of Magnetic Induction ().

(60) Let p be the ratio of the magnetic induction in a given medium to that in air
under an equal magnetizing force, then the number of lines of force in unit of area
perpendicular to & will be pe (@ is a quantity depending on the nature of the medium,
its temperature, the amount of magnetization already produced, and in crystalline bodies
varying with the direction).

(61) Expressing the electric momentum of small circuits perpendicular to the three
axes in this notation, we obtain the following

Equations of Magnetic Force.

_di_de

o — dy a2’

. __dF  gH
=& " @ (B)
_dG_aF

BY= 4z _237-

Equations of Currents.

(62) It is known from experiment that the motion of a magnetic pole in the electro-
magnetic field in a closed circuit cannot generate work unless the circuit which the pole
describes passes round an electric current. Hence, except in the space occupied by the
electric currents,

wde+PBdy+ydz=dp . . . . . . . . . . (3]
a complete differential of ¢, the magnetic potential.

The quantity  may be susceptible of an indefinite number of distinct values, according
to the number of times that the exploring point passes round electric currents in its
course, the difference between successive values of ¢ corresponding to a passage com-
pletely round a current of strength ¢ being 4wc.

Hence if there is no electric current,

dB
| dy~ =0
but if there is a current p/,
dy dB *
Similarly,
da
= %_4,@,» NP . (&)
B dx
% 'd; = 4:%’7” . )

We may call these the Equations of Currents.
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Electromotive Force in o Circuit.

(63) Let & be the electromotive force acting round the circuit A, then

e=((PT+QE+RG) B @

where ds is the element of length, and the integration is performed round the circuit.
Let the forces in the field be those due to the circuits A and B, then the electro-
magnetic momentum of A is

dx dy dz :
f(F£+G3;+H%)ds:Lu+Mv, ... (38)
where « and v are the currents in A and B, and
d
’g:—%(Lu+Mv). N 1Y)
Hence, if there is no motion of the circuit A,
d¥ 4d¥
P=—7ﬁ'—%a
B Y €
Q=20 _2 | (35)
dH 4%
R=-— p o

where ¥ is a function of a, 9, 2, and ¢, which is indeterminate as far as regards the
solution of the above equations, because the terms depending on it will disappear on
integrating round the circuit. The quantity ¥ can always, however, be determined in
any particular case when we know the actual conditions of the question. The physical
interpretation of ¥ is, that it represents the electric potential at each point of space.

Llectromotive Force on a Moving Conductor.

(64) Let a short straight conductor of length a, parallel to the axis of #, move with

dz dy dz

a velocity whose components are PRl R 0

~and let its extremities slide along two

parallel conductors with a velocity = Zl't' Let us find the alteration of the electro-

magnetic momentum of the circuit of which this arrangement forms a part.

dx dy dz
dt’ dt’

directions of the three axes, and at the same time the lengths of the pa1allel conductors

In unit of time the moving conductor has travelled distances along the

. . - . d
included in the circuit have each been increased by 7;

Hence the quantity
dy / dz
y (r& ds+G s
MDCCCLXY.
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will be increased by the following increments,

dF de | dF dy | dF dz) .
(‘_l; Tt i Gt T due to motion of conductor,

ds (dF dz | dG dy | dH d?) ) .
i\t E s due to lengthening of circuit.

The total increment will therefore be

AF 4G d/ Al dF\dz

______ ———

dy dt . de  dz )dt ’
or, by the equations of Magnetic Force (8),

dy
—a P"'}’dt P"ﬁd[>

If P is the electromotive force in the moving conductor parallel to & referred to unit
of length, then the actual electromotive force is Pa; and since this is measured by the

decrement of the electromagnetic momentum of the circuit, the electromotive force due
to motion will be

dy . ,dz . 9
P__—HVEZ—MBHT" N €163
(65) The complete equations of electromotive force on a moving conductor may now
be written as follows:—

Equations of Electromotive Force.

dy dF ¥ )
P:V'(th Bdt) T T |

dz dz dG d¥ l . . . . . . (b
Q= M( m) z'—*’l* )
de  dy\ dH 4V
R_——M<pd_t_a%—> 1 J'

The first term on the right-hand side of each equation represents the electromotive
force arising from the motion of the conductor itself. This electromotive force is per-
pendicular to the direction of motion and to the lines of magnetic force; and if a
parallelogram be drawn whose sides represent in direction and magnitude the velocity
of the conductor and the magnetic induction at that point of the field, then the area of
the parallelogram will represent the electromotive force due to the motion of the con-
ductor, and the direction of the force is perpendicular to the plane of the parallelogram.

" The second term in each equation indicates the effect of changes in the position or
strength of magnets or currents in the field.

The third term shows the effect of the electric potential ¥. It has no effect in
causing a circulating current in a closed circuit. It indicates the existence of a force
urging the electricity to or from certain definite points in the field.
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Electric Elasticity.

(66) When an electromotive force acts on a dielectric, it puts every part of the
dielectric into a polarized condition, in which its opposite sides are oppositely electri-
fied. The amount of this electrification depends on the electromotive force and on the
nature of the substance, and, in solids having a structure defined by axes, on the direc-
tion of the electromotive force with respect to these axes. In isotropic substances, if &
is the ratio of the electromotive force to the electric displacement, we may write the

Equations of Electric Elasticity,

P =k, '
Q=kg, Lo - - o (E)
R=£Fkh.

Electric Resistance.

(67) When an electromotive force acts on a conductor it produces a current of elec-
tricity through it. This effect is additional to the electric displacement already con-
sidered. In solids of complex structure, the relation between the electromotive force
and the current depends on their direction through the solid. In isotropic substances,
which alone we shall here consider, if ¢ is the specific resistance referred to unit of
volume, we may write the

Equations of Electric Resistance,

P=—pp,
Q=—¢t,p -« « « « « ... . (B
R=—¢r

Electric Quantity.

(68) Let ¢ represent the quantity of free positive electricity contained in unit of
volume at. any part of the field, then, since this arises from the electrification of the
different parts of the field not neutralizing each other, we may write the

Equation of Free Electricity,

o+ b +:Z‘_o (6

(69) If the medium conducts electricity, then we shall have another condition, which
may be called, as in hydrodynamics, the

Equation of Continuity,

++dq+‘......‘...(H)

(70) In these equations of the electromagnetic field we have assumed twenty variable
3U2
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quantities, namely,

For Electromagnetic Momentum . F G H
» Magnetic Intensity e By
,, Electromotive Force . P QR
,» Current due to true conduction . .p q r
,» Electric Displacement . .o f g R
» Total Current (including variation of dlsplacement) P ¢ 7
» Quantity of free Electricity . . e
,» THlectric Potential v

Between these twenty quantities we have found twenty equations, viz.
Three equations of Magnetic Force . . . . . . . . . (B)
. Electric Currents. . . . . . . . . (C)
’s Electromotive Force. . . . . . . . (D)
’ Electric Elasticity . . . . . . . . (E)
” Electric Resistance . . . . . . . . (F)
’ Total Currents . . . . . . . . . (A)
One equation of Free Electricity . . . . . . . . . . (G)
- Continuity . . . . . . . . . . . (H)

These equations are therefore sufficient to determine all the quantities which occur
in them, provided we know the conditions of the problem. In many questions, how-
ever, only a few of the equations are required.

Intrinsic Enerqy of the Electromagnetic Field.

(71) We have seen (33) that the intrinsic energy of any system of currents is found
by multiplying half the current in each circuit into its electromagnetic momentum.
This is equivalent to finding the integral

E=13(Fp'+G¢ -I—Hr’)dV B 61D
over all the space occupied by currents, where p, ¢, r are the components of currents,

and F, G, H the components of electromagnetic momentum.
Substituting the values of p', ¢, # from the equations of Currents (C), this becomes

2 {E(= ) +o(2-2)+u(a—g) v

Integrating by parts, and remembering that «, 8, y vanish at an infinite distance, the
expression becomes

b,,- { dH dG>+I3(dF dH>+ G dF }dV

where the integration is to be extended over all space. Referring to the equations of
Magnetic Force (B), p. 482, this becomes

B=o 3o patf. ppty.p}dV, . . . . . . (38)
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where «, 3, ¥ are the components of magnetic intensity or the force on a unit magnetic
pole, and e, »f3, py are the components of the quantity of magnetic induction, or the
number of lines of force in unit of area.

In isotropic media the value of w is the same in all directions, and we may express
the result more simply by saying that the intrinsic energy of any part of the magnetic
field arising from its magnetization is

Ll )
87:'1

per unit of volume, where I is the magnetic intensity.

(72) Energy may be stored up in the field in a different way, namely, by the action
of electromotive force in producing electric displacement. The work done by a variable
electromotive force, P, in producing a variable displacement, f, is got by integrating

JBdf
from P=0 to the given value of P.
Since P=£%f, equation (E), this quantity becomes

§kfaf=3if=4f

Hence the intrinsic energy of any part of the field, as existing in the form of electric

displ t, i 5
1splacement, 18 %Z(Pf‘l"Qg"‘Rk)dV'

The total energy existing in the field is therefore

E=3{g (spatupt ) HAEFAHQARDNY. . L (D)

The first term of this expression depends on the magnetization of the field, and is
explained on our theory by actual motion of some kind. The second term depends on
the electric polarization of the field, and is explained on our theory by strain of some
kind in an elastic medium. '

(73) 1 have on a former occasion * attempted to describe a particular kind of motion
and a particular kind of strain, so arranged as to account for the phenomena. In the
present paper I avoid any hypothesis of this kind ; and in using such words as electric
momentum and electric elasticity in reference to the known phenomena of the induc-
tion of currents and the polarization of dielectrics, I wish merely to direct the mind of
the reader to mechanical phenomena which will assist him in understanding the elec-
trical ones. All such phrases in the present paper are to be considered as illustrative,
not as explanatory. ~

(74) In speaking of the Energy of the field, however, I wish to be understood literally.
All energy is the same as mechanical energy, whether it exists in the form of motion or
in that of elasticity, or in any other form. The energy in electromagnetic phenomena is
mechanical energy. The only question is, Where does it reside? On the old theories

# « On Physical Lines of Force,” Philosophical Magazine, 1861-62.
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it resides in the electrified bodies, conducting circuits, and magnets, in the form of an
unknown quality called potential energy, or the power of producing certain effects at a
distance. On our theory it resides in the electromagnetic field, in the space surrounding
the electrified and magnetic bodies, as well as in those bodies themselves, and is in two
different forms, which may be described without hypothesis as magnetic polarization
and electric polarization, or, according to a very probable hypothesis, as the motion and
the strain of one and the same medium.

(75) The conclusions arrived at in the present paper are independent of this hypo-
thesis, being deduced from experimental facts of three kinds:— |

1. The induction of electric currents by the increase or diminution of neighbouring
currents according to the changes in the lines of force passing through the circuit.

2. The distribution of magnetic intensity according to the variations of a magnetic
potential.

8. The induction (or influence) of statical electricity through dielectrics.

‘We may now proceed to demonstrate from these principles the existence and laws of
the mechanical forces which act upon electric currents, magnets, and electrified bodies
placed in the electromagnetic field.

PART IV.—MECHANICAL ACTIONS IN THE FIELD.

Mechanical Force on a Moveable C’onductor.

(76) We have shown ({§ 84 & 35) that the work done by the electromagnetic forces
in aiding the motion of a conductor is equal to the product of the current in the con-
ductor multiplied by the increment of the electromagnetic momentum due to the
motion,

Let a short straight conductor of length @ move parallel to itself in the direction of
x, with its extremities on two parallel conductors. Then the increment of the electro-
magnetic momentum due to the motion of « will be.

d¥ dz  dG dy | dll de
<a’z 55T Ur ds T dw d")8
That due to the lengthening of the circuit by increasing the length of the parallel con-

ductors will be
d¥ dzx d].1 ay | d¥ dz
—a dv ds + d// ds +a’" ds

dy(dG  dF dz (dF  dlI
( a%{ <dx ag}) (dz T’.z'—) }’
which is by the equations of Magnetic Force (B), p. 482,
dy dz
ady <%.’W —wﬁ)-

Let X be the force acting along the direction of & per unit of length of the conductor,
then the work done is Xadz.

The total increment is



