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the first step towards a ratioual is the discovery of an empirical
law of the rotations, in whiclsuch an clement as the inclination
of the rotation axix to the plane of revolution (casily calculable
except for the two imnermost and two outermost planets) would
evidently he involved.

Such & law seems pointed to by the regularity of the decrease
of the rotationr, when the angular, instead of the hncar vclocities
or times ure considered.  The respective angulur velocitics of
votation of the inner familv are -29811, ‘26902, *26G181, and
25879 ; and of Jupiter and Saturn, ‘63313 and 59907 re-
spectively.

15. The attempts I have made to discover the law of the pla-
netary rotations have had as yet no complete result*. Baut the
following incidental observation with regard to the angular velo-
cities of revolution and the distances may perhaps be worth noting
towards such a theory of the formation of the system as above
alluded to.

By Kepler’s third law,

\ |
l‘:c])ﬂ; whenee . or w=¢ —;

D D3

Rut under this law there might, in comparing successive velo-
cities and distances, be found relations of inequality ad infinttum.
The actual relations may, however, be thus expressed :—The
angular velocities of revolution and the distances are in Inverse
geometrical progressions with inverse differcnces, except the in-
nermost planet of each family.

To say that the distances arc gcometrical progression, each
nearer planct heing half the distance of the next more remote,
or that the angular velocities of revolution are in geometrical
progression, each neaver planet revolving with twice the veloeity
of the next more remote, would be very far from accurate ; but

it seems interesting to obscrve, as by this law, that when the

distance of a planet is more than twice that of the next inner,
its angular velocity of rotation is less than haif that of the next
inner, and vice versd. And, that the only exceptions to this rule
should be the innermost planet of each family, viz. Mercury and
Jupiter, appears significant.

* The results of an approximative formula were givoi in a paper “On a
eneral Law of Rotation applied to the Planets,” read by me at the Oxford
eeting of the British Associntion, June 1860,
+ See Humboldt’s remarhs on the Law of Bode, or rather of Titius.
Cosmos, vol. iii. pp. 319, 320,
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Mercury and Venus.
1) =36,208051 =4 x 68,631843 4+ 1,982129,

%_-: 00029760 =2 x 0-0011651 -+ 0-0006468.
Venus and Earth. |
D=68,631843 =1 x 04,885000 -21,189343,
% — 000116510 =2 x 0-00071676 — 0-00026842.
Barth and Mars.
D=04,885000 =} x 144,575333 +22,587334,
%:0*00071676: 9 % (00038108 — 0-00004540.

Jupiter and Saturn.
D =498,654546 =1 x 905,087708 +41,110692,

= 0:000060411 =2 x 0-000024332 + 0-0000117470.

o] <

Saturn and Uranus.

D =9005,087708 =3} x 1820,020075 —4,922329,

\

5= ():000024332 = 2 x 0-00000856313 + 00000072598,

Uranus and Neplune.

1) =1820,020075 =1 x 2849,991384 -+ 395,024383,

v

5= 0-0000085313 =2 x 0:0000043542 ~— 0-000000157 1 *.

6 Stone Buildings, Lincoln’s Inn,
March 1861.

XLIV. On Physical Lines of Force. By J. C. MaxwEeLL, Prt;-
fessor of Natural Philosophy in King’s College, Londonf.

{With a Plate. ]
Part IL.—The Theory of Molecular Vortices applied to Eleclric
Currents.

TE have already shown that all the forces acting between
magnets, substances capable of magnetic induction, and
vleetric currents, may be mechanically accounted for on the sup-

* ‘'hin fiftcenth peragraph may be taken as an abstract of my puper
o O the Revolutional Velocities and Distances of the Plancts,’ rua{f before
the Hoyel Astronomical Society, Jan. 11, 1861.

+ Commumeated by the Author.
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position that the surrounding medium is put into such a state
that at every peint the pressures are different in different direc-
tions, the direction of least pressure being that of the observed
lines of force, and the difference of greatest and least pressures
being proportional to the square of the intensity of the force at
that point.

Such a state of stress, if assumed to exist in the medium, and
to be arranged according to the known laws regulating lines of
force, will act upon the magnets; turrents, &c. in the field with
precisely the same resultant forces as those calculated on the
ordinary hypothesis of ditect astion at a distance. This is true
independently of any particalar theory as to the cquse of this
state of stress, or the mode in which it can be sustained in the
medium. We have thierefore a satisfactory answer to the ques-
tion, “Is there any mechanical hypothesis as to the condition of
the medium indicated by lines of force, by which the observed
resultant forces may be accounted for?” The answer is, the
lines of force indieate the direction of minimum pressure at every
point of the medium,

The sccond question must he,  What is the mechanienl eause
of this difference of pressure in different dirccetions?” We have
supposed, 1n the first part of this paper, that this difference of
pressures 1s caused by molecular vortices, having their axes
parallel to the lines of foree. o | _ -

We also assumed, perfectly arbitrarily, that the direction of
these vortices is such that, on looking along a line of force from
south to north, we should see the vortices revolving in the direc-
tion of the hands of a watch.

We found that the velocity of the circumference of each vortex
must be proportional to the intensity of the magnetic force, and
that the density of the substanco of the vortex must be propor-
tional to the capacity of the medium for magnetic induction,

We have as yet given no answers to the questions, “ How are
these vortices set in rotation ?” and “ Why are they arranged
according to the known laws of lines of force about magnots and

currents 7>’ These questions are certainly of a higher order of
difficulty than either of the former; and I wish to separate the
suggestions 1 may offer by way of provisional answor to them,
from the mechanical deductions which resolved the first question,
and the hypothesia of vortices which gave a probable answer to-
the second.. |
We have, in fact, now come to inquirc into the pliysical con-
nexion of these vortices with electric currcents, whin we are still
in doubt as to the nature of electricity, whether it is one sub-
stance, two substances, or not a substance al ull, or in what wa

it differs from matter, and how it is connccted with it. -
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Wo know that the lines of force are aﬁected by olectric cur-
ronts, and we know the distribution of those lines about a cur-
rout ; ro that from the force we can determine the amount of the
currcnt, Assuming that our explanation of the lines of force
by molecular vortices is correct, why does a particular distribu.
tion of vortices indicate an electric current? A satisfactory
answer to this question would lead us a long way towards that
of a very important one,  What is an electric current ?”’

I have found great difficulty in conceiving of the existence of
vortices in a medinm, side by side, revolving in the same direc-
tion about parallel axes. 'lyhe conti‘gu?us portions of consecu-
tive vortices must be moving in opposite directions; and it is
difficult to understand how the motion of one part of the medinm
can coexist with, and even produce, an opposite motion of a part
in contact with it. ' |

The only conception which has at all aided me in conceiving
of this kind of motion is that of the vortices being separated by
a layer of particles, revolving cach on 1ts own axis in the oppo-
site direction to that of the vortices, so that the contiguous sur-
faces of the particles and of the vortices have the same motion.

In mechanism, when two whecls are mtended to revolve in
the same direction, a wheel is placed between them so as to be
in gear with both, and this wheel is called an “idle wheel.””
The hypothesis about the vortices which I have to suggest is
that a ﬁycr of particles, acting os idle wheels, is interposed be-
tween each vortex and the next, so that each vortex has a ten-
deney to make the necighbouring vortices revolve in the same
direction with 1tself. _ ,

In mechanism, the idle wheel 18 generally made to rotate
about a fized axle; but in epicyclic trams and other contrivances,
as, for instance, in Siemens’s governor for steam-engines*, we
find idle wheels whose centres are capable of motion. In all
these cases the motion of the centxe 1s the half sum of the motions
of the circumferences-of the wheels between which it is placed.
Let us examine the relations which must subsist between the
motions of our vortices and those of the layer of particles inter-
posed as idle wheels between them. o ;

Prop. 1V.—To determine the motion of a layer of particles
separating two vortices. ._

Let the circumferential velocity of a vortex, multiplied by the
three direction-cosines of its axis respectively, be «, 8, v, a8 in
Prop. II. Let /, m, n be the direction-cosines of the normal to
any part of the surface of this vortex, the outside of the surface
lmf;ng regarded positive. Then the components of the velocity
of tho particles of the vortex at this part of its surface will be

* Sce Goodeve’s ¢ Elements of Mechaniam,’p, 118.
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nf3—mry parallel to a,
[y —na paralle]l to v,
ma—{ 3 parallel to z.

If this portion of the surface be in contact with another vortex
whose velocities are o, @, o/, then a layer of very small particles
placed between them will have a veloeity which will be the mean
of the supcerficial velocities of the vortices which they separate, so
that if » 1s the velocity of the particles 1n the dircction of «,

u=dmly—q)—n(B'—B), . . . . (V)

since the normal to the second vortex 1s in the opposite direction
to that of the first.

Prop. V.~—To determine the whole amount of particles
transferred across unit of area in the direction of # m unit of
time.

Let #,, 9y, 2, be the coordinates of the centre of the first vor-
tex, &y, ¥, 5 those of the seeond, and so on. Tt 'V, V,, &e.
be the volumces of the first, second, &e, vortices, and V the sum
of their volumes. Lt dS be an clement of the surface separa-
ting the first and second vortices, and 2, y, £ 1its coordates,
Let p be the quantity of particles on every unit of surface.
Then if p be the whole quantity of particles transferred across
unit of area 1n unit of time 1n the direction of x, the whole mo-
mentum parallel to 2z of the particles within the space whose

volume is V will be Vp, and we shall have

Vp=ZupdS, . . . . . . (28)

the summation being extended to cvery surface separating any

two vortices within the volume V.

Ltt us consider the surface separating the first and second
vortices. Let an clement of this surface be 48, and let its
direction-cosines be /;, m,, n, with respect to the first vortex, and
l,, mg, 7y With respect to the second ; then we know that

L+1,=0, m+my=0, n+n=0 . . (29)

The values of a, 8, v vary with the position of the centre of
the vortex ; so that we may wnite

do. dee tlex
o=y -+ dx (#y— 1) + dy (re—u)) + e~ (#4==21), + (30)

with similar equations for 8 and .
The value of » may be written:—
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| iy
i #ﬁ:ﬁ . (i!tl(i‘_ﬁ’l) + mg(x—xe))
| ddy 1d
1 2 dy (ml (y—y,) +m, (3/"‘3/2)) 2 3’3 (ml(‘g =) Fmylz —zg))

1 dB3 .t 1dB
T dz \M TR +”9(f”"~"’e?) - g-@-(ﬂ;(y—%) +”a(3"""ya))

‘14
-%?g(nl(z—-zl)+n,(z-—%)). T ()

In effecting the summation of ZupdS, we must remember that
round any closed surfice 2/dS and all similar terms vanish ; also
that terms of the form Z/ydS, where [ and y are measured in
different dirvections, also vanish; but that terms of the form
2lxdS, where [ and z refer to the same axis of coordinates, do

not vanish, but are equal to the volume enclosed by the surfaee.
The result 1s

1 fdy dS
VP—QF’ E’;_J;) (Vi+Vo+ &e); . . (32)

or dividing by V=V, +V, + &e.,

1 fdy dB
P Ep(df/ —— ‘;["': . . . . . . . ‘ p (83)
If we make
1

P — '2"';, » s . . . » . ’ . ’ - (34)

then equation (33) will be identical with the first of equations (9),
which give the relation betwecn the quantity of an electric cur-
rent and the intensity of the lines of force surrounding it.

1t appears therefore that, according to our hypothesis, an
clectric current is represented by the transference of the move-
able particles interposed between the neighbouring vortices, We
may conceive that these particles are very small compared with
the size of a vortcy, and that the mass of all the particles
together 1s inappreciable compared with that of the vortices, and
that a great many vortices, with their surrounding particles, are
contained 1n a single complete molecule of the medium. 1he
particles must be conceived to roll without sliding between the
vortices which they separate, and not to touch cach other, so
that, as long as they remain within the same complete molecule,
there 1 no loss of energy by resistance.  When, however, there
i i penernl transference of particles in one diveetion, they niust
pisw from one molecule to another, and in doing so, LY CX-
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perience resistance, 80 a8 10 waste cleetrical energy and generate
heat. '
Now let usg suppose the vortiees arranged i a medium In any

: 1 L.l 3 - .
arbitrary manner.  The quantitics :—% — f-(—lé . &e. will then 1

ecncral have values, so that there will at first he clectrical eur-
vents in the medium.  These will be opposcd by the electrical
resistance of the medium ; so that, unless they arc kept up by a
continuous supply of force, they will quickly disappear, and we

shall then havei—% — ff-g =0, &c.; that 1s, adx + Bdy + dz will
be a complete differential (see equations (15) and (16)) ; so that
our hypothesis accounts for the distribution of the lines of force.

In Plate V. fig. 1, let the vertical circlc E B represent an elec-
+ o current flowing from copper C to zine Z through the con-
ductor EE', as shown by the arrows.

Let the horizontal crcle M M' represent a line of magnetic
force cmbracing the eleetrie civenit, the north and south divee-
tions betng mdicated by the Tines S N amd NS,

Tet the vertical cireles Voand V! pepresent the molcecular vor-
tices of which the line of magnetic force is the axis.  V revolves
. the hands of a watch, and V' the opposite way.

It will appear from this diagram, that if V and V' were conti-
guous vortices, particles placed between them would move down-
wards ; and that if the particles were forced downwards by any
cause, they would make the vortices revolve as in the figure.
We have thus obtained a point of view from which we may regard
the relation of an clectric current to its lines of force as analogous
to the relation of a toothed wheel or rack to wheels which 1t
drives.

In the first part of the paper we investigated the relations of
the statical forees of the system. We have now considered the
connexion of the motions of the parts considered as nosysten of
mechanism. It remains that we should investigate the dynamies
of the system, nd determine the forces nceessary to produce
eiven changes i1 the motions of the different parts,

Prop. VI.—To determine the actual encrgy of a purtion of a
medium due to the motion of the vortices within it

Let «, 3, ty be the components of the eircumicrential velocity,
as in Prop. 11, then the actual energy of the vortices in unit of
volume will be proportional to the density and to the square of
the velocity. As we do not tnow the distribution of density and
velocity in each vortex, we cannot determine the numerical value
of the energy directly; but smee p also bears a constant though

soknown ratio to the mean density, let us assume that the energy
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i il of volume 18
E=CP(“Q+BQ+'YQ)J

where (0 is o constant to be determined.
l.el us take the case in which

_ a9 dp __ do
=,

_ =& Py (35)

L(;‘it

and let b=+ o c e e e ... (36)
1 (dPd, d*¢p,  d’¢, u {d? d? d2

then ¢, is the potential at any point due to the magnetic system
iy, and ¢, that due to the distribution of magnetism represented

by my. The actual energy of all the vortices 1s
E=3Cu(a®+B2+%dV, . . . . (38

the integration being performed over all space.
This may be shown by integration by parts (see Green’s

‘ Bssay on Elecuricity,” p. 10) to be equal to
= — 4w CE(Pym, + Pymg + Pymg+ pgm)dV. . (39)
Or since it has been proved (Green’s € Essay,” p. 10) that
Ypymgd V =2pym,dV,
1) = — A G (b, -+ by -1 2pm)dV. . o o (10}

Now let the magnetic system m, remain at rest, and let m, be
moved parallel to itself in the direction of through a S]);].CC Sz ;
then, since ¢, depends on m, only, 1t will remain as before, so
that ¢, m, will be constant; and since ¢, depends on m onl
the distribution of ¢, about m, will remain the same 50 thgi;
by Mg Will be the same as before the change. The Unfy art of
15 that will be altered is that depending on 2¢,m,, becaﬁsc &,

hecomes ¢, -+ @Sﬁ Sz on account of the displ: \ -
dr placement. The vana-

tion of actual energy duc to the displacement 1s therefore
B d
SB= —4mCE (220 m, ) dVéa. . . (1)

But by equation (12), the work done by the mechanical forces
on m, during the motion is

dp
SW=3, EijdV)Bx; (2

mul minee our hypothesis is a purely mechanical one, we must

(57}
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have by the conservation of force,
SI48W=0; . . . . ... « . (48)

that is, the loss of cuergy of the vortices must be made up by
work done in moving magnets, so that

b,
— 4 CS, (2‘% modYV )8+ 3 ('}% madV )82=0,

or

1
= e ’ . » . . . » » . 44
C 8’ A

so that the energy of the vortices in unit of volume 1s

1
—8—;;&(&9—#52-}- ;. 0 . . 0 . . (45)
and that of a vortex whose volume 1s V 1s
1t 4 16
G B84V o (16)

In order to produce or destroy this energy, work must be ex-

pended on, or received from, the vortex, eitherby the tangential
action of the layer of particles in contact with it, or by change
of form in the vortex. We shall first investigate the tangential
action between the vortices and the layer of particles in contact
with them. o

Prop. VII.—To find the energy spent upon a vortex in unit of
time by the layer of particles which surrounds it. o

Let P, Q, R be the forces acting on unity of the particles in
the three coordinate dircctions, these quantities being functions
of z, ¥, and 2. Since each particle touches two vortices at the
extremities of a diameter, the reaction of the particle on the vor-
tices will be equally divided, and will be

1 1 ]
—gh —3Q 3k

on each vortex for uﬁity of the particles; but since the superficial

density of the particles 1s . (see equation (34)), the forces on

~ unit of smrface of a vortex will be

]
___I_P’ __l__Q, — - .

Qar

Now let dS be an element of the surfuce of a vortex. Let the
direction-cosines of the normal be /, m, n.  Let the coordinates
of the element be z, 7, z. Let the component velocities of the
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surfwoe ho u, », w.  Then the work expended on that clement
of wtrfnes will be

dE 1
_t_i_z_ — E;T (Pu-[- Q’U‘I‘ RE,U)dS * & v (4'7)

Let us begin with the first term, PudS. P may be written

dP dP  dP
P0+;£_-.x -@-J T 0 e o . H8)
and
u=nf—mry.

geriiembering that the surface of the vortex is a closed one, 8o °
A

2nxdS =2madS = SnydS =SmzdS = 0,

and
EmdS:andS:V
we find 7 ’
o fdP_ 4P .
SPuds= (258 -d—y-y)v, .. 49)

and the whole work done on the vortex in unit of time will be

dF 1
— = E;-TE(Pu+ Qv+ Rew)dS

o f d() R dR Al dP  d()
ey l_a (rf,:: - r{r}) ! ﬂ(r{.:}* - f[.::) '{‘7(3}/— T )}F (50)

el

Prop. VI1.—'To find the relations between the alterations of

motion of the vortices, and the forces P, Q, R which they ezert
on the layer of particles between them.

Liet 'V be the volume of a vortex, then by (46) its energy L8

1
E:“ g;; (ag"l‘ﬁg"l"yg)v, . . . . " '51)

nnd

dbi 1 de _dfS dry
E_—@?T#V ﬂt&}"ﬁ"B‘EE 41y E?f_)' » . fﬁg)

Comparing this value with that given in equation (50), we find

dQ dR = dR dP B’

dz dy 7 +B( z )
dP  dQ dry -

+7 dy _ TJ:Z‘E — d'_t') =O- » e . " ’ Eli])

Phis equation being true for all values of «, 3, and v, lirst let

f mud  vimish, and divide by «. We find

Phid, Mag. S, 4, Vol, 21. No. 140. April 1861. u
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d dR_ da
dy 'g}h“#dt'

Similarly,

dR _dP _ dB . . (54)
dx ~ dz ~Mdt’
d
: iv_dQ_ o
dy  de” " dt
From these equations we may determine the relation between
| dex

) ! rted on the
the alterations of motion 7 &e. and the forces exerte

| ' in the langunage of
rs of particles between the vortices, or, n
})?rehypotﬁesis, the relation between changes 1 the ﬂitatehcif.tlzg
magnetic field and the electromotive forces thereby brought

: . )
plalyr-l a memoir ¢ On the Dynamical Theory of Diffraction

(Cambridge Philosophieal ’l’rmmacti?nﬂl, yiul. ix}. Jﬂlt.rt 1 m-::;m;) ﬁ;}é
| | h we may s
ofessor Btokes has given a method by which we sol
5132‘;;;;}1; (54), and ﬁlﬁl [, Q, and I 10 terins ul‘tlu:quuniiilgs
0(111’ the right-hand of those equations. 1 have pomnted m(llt e
application of this method to questions in electricity and mag-

netism s -

Let us then find three quantities F, G, H from the equations

iG dH
dz  dy "

ﬁ —-;{}- :#ﬁ} » | L ( )
AP dG

dy " ds =PV

with the conditions

' d
4‘“%,(‘55#“4- %#}34— Pt | =m=0, . (56)

e dF . dG  dH _

"‘E‘m"'l"'&.;/‘—l‘ d‘z_' » . . " .

Differentiating (65) with respect to £, and comparing with (54),

d .
we fin , dF Q_@ R— dE' .
b= Q=7p df

" 1
* Cambridge Philosophical Transactions, vol. x. part 1. art. 3, “On

Faraday’s Lines of Force.”

(57}

(58)
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W have thus determined three quantities, F, G, H, from which
we can find P, Q, and R by considering these latter quantitics
iy Lhe rtes at which the former ones vary. Inthe paper alrcady
referved to, I have given reasons for considering the quantiticy
F, G, 11 as the resolved parts of that which Faraday has conjec-
tured to exist, and has called the electrotonic state. In that
paper L have stated the mathematical relations between this elee-
trotonic state and the lines of magnetic force as expressed in
equations (55), and also between the electrotonic state and elee-
tromotive force as expressed in cquations (58)., We must now
endeavour to interpret them from g mechanical point of view
in connexion with our hyrothcaiﬂ.

We shall in the first place exnmine the process by whieh the
lines of force are produced by an cleetric current.

Lt AB, PLV. fig. 2, represent a current of eleetricity in the
direction from A to B, Let the large spaces above and below
A B represent the vortices, and let the small circles separating
the vortices represent the layers of particles placed between them,
which in our hypothesis represent electricity.

Now let an electric current from left to right commence in
A B. The row of vortices g h above AB will be set in motion
mn the opposite direction to that of a wateh, (We shall call this
direction +, and that of a watch —.) We shall suppose the
row of vortices k7 still at rest, then the layer of particles between
these rows will be neted on by the row g on their lower sides,
and will he at rest above, 1 they are free to maove, they will
rotate 1 the negative dircetion, and will at the same time move

from right to left, or in the opposite direction from the current,
and so form an snduced electrio current,

If this current is checked by the electrical resistance of the

medium, the rotating particles will act upon the row of vortices
kf, and make them revolve in the positive direction till they

to that of rotation, and the induced current disappears. If, now,
the primary current A B be stopped, the vortices in the row gh
will be checked, while those of the row f / still continue in rapid
motion. The momentum of the vortices beyond the laycr of
particles p g will tend to move them from left to right, that iy,
m the direction of the prunary current; but if this motior, T
resisted by the medium, the motion of the vortices beyond p ¢
will be gradually destroyed.

It appears therefore that the phenomena of induced currentg
nre part of the process of communicating the rotatory velocity of
the vortices from one part of the field to another.

[ To be continued.]
UgR
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Here the near coincidence of the results in the first and third
columns shows that the relation between & and T may be ap-
proximately expressed by the formula

EO\3
k=14-16"T¥%, or T=(]-..1.-]5) , e . (7)

1 ~tines, Apel 1, 1861,

_— - ik oy o -l e b T e — ! S —w——— _—m
e el . .

LI. On Physical Lines of Force. ByJ.C. Maxweny, Professor
of Natural Philosophy in King’s College, London.

[With a Plate.]

Part IL.—The Theory of Molecular Vertices applied lo Electric
Currents.

[Concluded from p. 291.]

S an example of the action of the vortices in producing in-
A— duced currents, let us take the following case:—Let B,
Pl. V. fig. 3, be a circular ring, of uniform mzctu)ui,.lammd nni-
formly with covered wire. Ity he shown that if an electrie
current is passed through this wire, n mngnet placed within the
coil of wire will be strongly alleeted, but no magnetie effeet will
be produced on any external point. The effect will be that of
a magnet bent round till its two poles are 1n contact.

If the coil is properly made, no effect on a magnet placed out-
side it can be discovered, whether the current 1s kept constant or
made to vary in strength; but if a conducting wire C be made
to embrace the ring any number of times, an electromotive force
will act on that wire whenever the current in the coil is made to
vary; and if the circuit be closed, there will be an actual current
in the wire C. |

This experiment shows that, in order to produce the electro-
motive force, it is not nccessary that the conducting wire should
be placed in a ficld of magnetic force, or that lines of magnetic
force should pass through the substance of the wire or near 1t.
All that is required is that lines of forcé should pass through the

circuit of the conductor, and that these lines of force should vary |

in quantity during the experiment. o

In this case the vortices, of which we suppose the lmes of
magnetic force to consist, are all within the hollow of the ring,
and outside the ring all is at rvest. If there v no conducting
circuit embracing the ring, then, when the primary current 1s
made or broken, there 1s no action 011t_.~'mll_: the ring, cxcept an 1n-
stantaneous pressure between the particles and the vortices which
they separate. If there is a continunous conducting ClI‘((:llJ.lt E,m-
bracing the ring, then, when t.hc primary current 1s made, there
will be a current in the opposite dircetion through C; and when
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it 18 broken, there will be a current through C in the same direc-
tion as the primary current.

We may now perceive that induced currents are produced
when the clectricity yields to the electromotive force,~—this foree,
however, still existing when the formation of a sensible current
18 prevented by the resistance of the circuit.

The electromotive force, of which the components are P, Q, R,
arises from the action between the vortices and the interposed
particles, when the velocity of rotation is altered in any part of
the field. It corresponds to the pressure on the axle of a
wheel in a machine when the velocity of the driving wheel is in-
creased or diminished.

The clectrotonie state, whose components are K, G, H, is
what the electromotive forece would be if the currents, &ec. ta
which the lines of force are due, instead of arriving at their actual
state by degrees, had started instantaneously from rest with their
actual values. It corresponds to the impulse which would act on
the axle of a wheel in a machine if the actual velocity were sud-
denly given to the driving wheel, the machine being previously
at rest.

It the machine were suddenly stopped by stopping the driving
wheel, each wheel would receive an impulse equal and opposite
to that which it reccived when the machine was set in motion.

Thix impulse may he caleulated for any part of a system of
mechaninm, and may be enlled the 1'{?((?:(?(*:3 momenium of the
machine for that point.  In the varied motion of the machine,
the actual foree on any part arising from the variation of motion
may be found by diﬂ{:rentiating the reduced momentum with
respect to the time, just as we have found that the electromotive
force may be deduced from the electrotonic state by the same
process,

Having found the relation between the velocities of the vor-
tices and the electromotive forces when the centres of the vortices
are at rest, we must extend our theory to the case of a fluid
medium containing vortices, and subject to all the varieties of
fluid motion. If we fix our attention on any one elementary
portion of a fluid, we shall find that it not only travels from onc
place to another, but also changes its form and position, s0 as to
be elongated in certain directions and compressed in others, and
nt the same time (in the most general case) turned round by a
displacement of rotation.

These changes of form and position produce changes in the
veloeity of the molecular vortices, which we must now cxamine.

The wlteration of form and position may always he reduced to
thiew wimiple extensions or compressions in the divection of three

reetnngular uxes, together with three angular rotations about
Z 2
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any set of three axes. We shall first consider the effect of three

simple extensions or COMPIessions.
Prop. IX.—To {ind the variations of 2, 3, v in the parallelo-

piped @, 7, & when  hecomes z+8v; vy, y+3y; and 2, z+02;

the volume of the figure remaining the same.
By Prop. LI, we find for the work done by the vortices against

pressurc,
W =p S(ay2) — ;- (=8 + B2dy +eydz) 5 (59)

and by Prop. VL. we find for the variation of energy,
o = -5} (a8a+BEBA-yoy)ayz. « o o+ o

The sum W -+ 8E must be zero by the conservation of energy,
and 8(zyz) =0, since zyz 18 constant ; so that

d o oz
a(Sa-—a -;-) +3(§Bﬁ-—ﬁ-§)+7(37-—7-}*)=0. (61)

In order that this should be true independently of any relations
between a, 3, and ry, we must have

O oy oz

3a=a¢—;, SB=B-—§—, Oy =1y — e e e (62)
Prop. X.—To find the variations of a, B, y due to a rotation 0,

bout the axis of @ from ¥ to z, a rotation 6, about the axis of ¥

from 2 to z, and a rotation @5 about the axis of z from z to y.
The axis of 3 will move away from the axis of 2 by an angle

g,; so that (3 resolved in the direction of x changes from O to

— B0;. _
The axis of o approaches that of
resolved part of «y in direction 2 changes froin
The resolved part of a in the direetion of @ changes by a ¢quan-
tity depending on the second power of the rotations, which may
be neglected. The variations of &, B, v from this cause are
“therefore |
Sa=r0,—B0; OSR=alb;—yl8, Oy= B0, —ab,. (63)
ions for the distortion of an element
depend on the

(60)

z by an angle &, ; so that the
0 to yb,.

The most general express
produced by the displacement of its different parts

nine quantities ~.
d, d d d d d d de, ds, .
"-3.1, 'J!;S.m, —('2'58“2, E&-Sy, @8!, RES_!/, H.’L‘Sﬁ, ;2;8...,, E £ 4
tities, namely, three simple extensions or compressions,

82! Oy 8

A A

and these may always be expressed 1 teris of nine other quan-
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slong three axes properly chosen, 2, %, 2, the mne direction-
cosines of these axes with their six connecting equations, which
ave equivalent to three mdependent quantities, and the theee
rotations 6, @,, €, about the axcs of z, y, .

Liet the direction-cosines of a' with respect to z, v, 2 be
l,, m,n,, those of ¢, I, my,ny, and those of 2/, I3, mg,ny; then

we find
d Y .Y O! oz '
or= g '3;{ g

d
?@3'5‘;':'_"111’*"-'11;.r"’lﬁ?m‘2 —|—13m32, B

',;JT
d o' Sy 0z .
A= du=ln, " + g Yy +lgng N +0,, i !

with similar equations for quantitics involving 8y and dz.
Let «', B/, o' be the values of a, B,  referred to the axes of

2, iy, 2'; then
o =l 2 +mB+n,,

Br=ga+mgﬁ+ﬁgfy,}*. T (i13)
v =l +mgB+ngy.

We shall then have
Sa=10a' + 1,08+ Iy + 90, —BO;, . . + (G6)

O o1 Oz
= o 1 O -
=l ) 1 13 / + f:ﬁr':r +oy0,—B0, . (67)
By substituting the valucs of &', £, o, and comparing with e
‘ ua-
tions (64), we find B S !
d d d
oo = ot — —— ~——
a=a_ 8.:5'+de 8$+7dz 0 « + + . (68)
as the variation of « due to the change of form and position of
the element. The variations of 8 and ¢ have similar expressions,
Prop. X1.—To find the electromotive forces in a moving body,
The variation of the velocity of the vortices 1n a moving cle-
ment is due to two causes—the action of the electromotive forees,
and the change of form and position of the element. The whole

variation of « 1s therefore

- 1(dQ IR a d a
=2 (G @)Bt+a3‘;3x+ﬁ-@-3x+ry£&r. . (69)

But since « is a function of z, », z and ¢, the variation of & may

be nlso written
B dot dot | do dot
St = -— Oz + @85; . d38g+ 7 Ol v v v a (70)

da
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Equating the two valucs of éa and dividing by ¢4, and remem-
bering that in the motion of an incompressible medium

dde o dy d dz

e et e — =0, . ., . . . (71

dz dt + diy dt + dl %, (71)
and that in the absence of free magnetism

de dB  dy
e . —— T — = ™ ) . » . L » L . HQ
i + dy ~ dz 0, (72)

we find
1(dQ dﬁg) dde  dd: ddy  ,d dz
Ntz ~dy) T mda " ya Py @

Ldydzr _dedz _dudy dBdx da_
dzdt dzdt dydt “dydt dt

Putting
1/dG dH
= ———_——). . .. .. . 4
* p(d.::: dy (74)
and
dee 1 (d*G ff*"ll) -
Rz'““;(z;dg“;@ ) o (7)

where ¥, G, and H are the values of theelectrotonic components
for a fixed point of space, our equation becomes

d(Q dz _54_3_@) d dy odv_ dH
D\ ST g TR

The expressions for the variations of B and y give us two other
equations which may be written down from symmetry. The
complete solution of the three equations is

by Wyt AV Y
1 =y it ﬂ‘fi 0f -+ y du?

dz dr  d(x VT
e —..:—- ——— —_—— e p———— » " [} 77
Q=pegr =0y gt — ‘ 77)

dz dy dH d¥
B=plgr —redr *ar T d )

The first and second terms of each cquation indicate the effcet
of the motion of any hody m the maguctic field, the third term
refers to changes in the electrotonic state produced by alterations
of position or mntensity of magnets or currents in the ficld, and
V¥ is a function of #, y, 2z, and £, which is indeterminate as far
as regards the solution of the original equations, but which may
always be determined in any given case from the circumstances
of the problem. The physical mterpretution of W is, that it is
the electric tension at cach point of space.

J ———— . ) =
_@(B"L"“dz MB i dt) 0. (76)
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Thae physical meaning of the terms i the expression for the
vlectromotive force depending on the motion of the body, may
b made sunpler by supposing the field of magnetic force uni-
formly magnetized with intensity « i1n the direction of the axis
of w. 'Then 1if /, m, n be the direction-cosines of any portion of
n lmenr conductor, and S its length, the electromotive force
resolved m the direction of the conductor will be

e=S(Pl+Qm+Ra), . . . . . (78)

or
eusm(m-@- -—na—? y e e o e e (79)

that 18, the product of ua, the quantity of magnetic induction
over unit of area multiplied by S(m g’;- —n;dﬁ‘l-/- , the arca swept
out by the conductor S in unit of time, resolved perpendicular
to the direction of the magnetic force.

The electromotive force in any part of a conductor due to its
motion 1s therefore measured by the number of lines of magnetic
force which 1t crosses in unit of time ; and the total electromo-
tive force in a closed conductor is measured by the change of the
number of lines of force which pass through it ; and this is true
whether the change be produced by the motion of the conductor
or by unPr external cause,

In order to understand the mechanism by which the motion
of a conductor neross lines of mugnetie foree gencerates an clec-
tromotive force m that conductor, we must remember that in
Prop. X. we have proved that the change of form of a portion of
the medium containing vortices produces a change of the velocity
of those vortices; and in particular that an extension of the
medium 1n the direction of the axes of the vortices, combined
with a contraction in all directions perpendicular to this, pro-
duces an 1ncrease of velocity of the vortices ; while a shortening
of the axis and bulging of the sides produces a diminution of the
velocity of the vortices.

This change of the velocity of the vortices arises from the in-
ternal effects of change of form, and is independent of that pro-
duced by external electromotive forces. If, therefore, the change
of velocity be prevented or checked, electromotive forces will
arise, because each vortex will press on the surrounding particles
1in the direction in which it tends to alter its motion,

Let A, fig. 4, represent the section of a vertical wirc moving
tn the direction of the arrow frou: west to cast, across o system
of hines of magnetic force running north and south.  The carved
linew i tig. 4 represent the lines of iuid motion about the wire,
the wire being regarded as stationary, and the fluid as having a
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motion relative toit. It is evident that, from this figure, we can
trace the variations of form of an clewent of the fluid, as the
form of the clement depends, not on the absolute motion of the
whole system, but on the relative motion ol its parts.

In front of the wire, that 1s, on 1ts east side, 1t will be seen that
as the wire appronches cach portion of the juedium, that portion
is more and more compressed 1n the direction from east to west,
and extended in the direction from north to south; and since
the axes of the vortices lie in the north and south direction, their
velocity will continually tend to increase by Prop. X., unless
prevented or checked by electromotive forces acting on the cir-
cumference of each vortex. _.

We shall consider an electromotive force as positive when the
vortices tend to move the interjacent particles upwards perpendi-
cularly to the plane of the paper.

The vortices appear to revolve as the hands of a watch when
we look at them from south to north ; so that each vortex moves
upwards on its west side, and downwards on 1ta enst side,  In
front of the wire, therefore, where ench vortex is striving to in-
crease its veloeity, the electromotive foree upwards must be
greater on its west than on its cast side.  There will therefore
be a continual increase of upward electromotive force from the

remote east, where it 18 zero, to the front of the moving wire,

where the upward force will be strongest.

Behind the wire a different action takes place. As the wire
moves away from each successive portion of the medium, that
portion is extended from east to west, and compressed from north
to south, so as to tend to diminish the velocity of the vortices,
and therefore to make the upward electromotive force greater
on the east than on the west side of cach vortex.  The upward
electromotive forece will therefore inercase continually from the
remote west, where it is zevo, to the hack of the moving wire,
where 1t will be strongest.

It appears, therefore, that a vertical wirc moving eastwards
will experience an electromotive force tending to produce in 1t
an upward current. If there 18 no conducting circult 11 cone
nexion with the ends of the wire, no current will be formed, nnd
the magnetic forces will not be altcred; but if such a circait
exists, there will be a current, and the linea of mngncetic force
and the veloeity of the vortices will be altered from thew state
previous to the motion of the wire, The change in the lines of
force is shown in fig. 5. The vortices in front of the wire, Instead
of merely producing pressures, actually increase in velocity, while
those behind have their veloeity diminished, and those at the sices
of the wire have the direction of their uxes altered ; so that the
final effect 1s to produce & force acting on the wire as a resist-
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ance to its niotion.  We may now recapitulate the assamptions
wo have mnde, and the results we have obtained.

(1) Mngneto-electric phenomena are due to the existence of
matter under certain conditions of motion or of pressure in every
Imrt of the magnetic field, and not to direct action at a distance
)wetween the magnets or currents.  The substance producing
these effects may be a certain part of ordinary matter, or it may
be an zther associated with matter. Its density is greatest in
1won, and least in diamagnetic substances; but it must be in all
cases, except that of iron, very rare, since no other substance has
a large ratio of magnectic capacity to what we call a vacuum.

(2) The condition of any part of the field, through which lines
of magnetic force pass, is one of unequal pressure in different
directions, the direction of the lines of foree being that of least
pressure, so that the lines of force may be considered lines of
tension.

(3) This inequality of pressure is produced by the existence
1n the medium of vortices or eddies, having their axes in the
direction of the lines of force, and having their direction of rotas
tion determined by that of the lines of force.

We have supposed that the direction was that of a watch to a
spectator looking from south to north. We might with equal
propriety have chosen the reverse direction, as far as known facts
arc concerned, by rupposing resinous electricityinstead of vitreous
to be pomitive.  The effect of these vortices depends on their
denmity, nnd on their veloeity at the ciremnference, and is inde-
pendent of their diameter.  The density must he proportional to
the capacity of the substance for magnetic induction, that of the
vortices 1n air being 1. The velocity must be very great, in
order to produce 8o powerful effects in =0 rare a medium.

The size of the vortices is indeterminate, but is probably very
small as compared with that of a complete molecule of ordinary
matter ¥, .

(4) The vortices are separated: from each other by a single
]aye}* of round particles, so that a system of cells is formed, the
partitions being these layers of particles, and the substance of
cach cell being capable of rotating as a vortex.

(5) The particles forming the layer ave in rolling contact with
both the vortices which they separate, but do not rub agninst
each other. They are perfectly free to roll between the vortices

* The angular momentum of the system of vortices depends on their
wvernge diveter; so that if the diameter were sensible, we might expeet
that & magnet would behave as if it contained a revolving haody withiu it,
mndd that the existence of this rotation might be detected by experiments on
the freo rotation of a magnet. I have made experiments to investignte this
fquestion, hut have not yet fully tried the apparatus.
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and so to change their place, provided they keep within one
complete molecule of the substance ; but in passing from or;e
molecule to another they cexperience resistance, and generate
irregular motions, which constitute heat. These particles, llnt?ur
theory, play the part of clectricity. Their motion of transla 10_1;
constitutes an electric current, theiwr rotation serves to tranahml
the motion of the vortices from one part of the field to anotler,
and the tangential pressures thus called nto play constitute elec-
tromotive force.  The conception of a particle having its motion
connected with that of a vortex by perfect rolling contact mgy
appear somewhat awkward. I do not bring 1t forward *asIa mol (el
of connexion existing in nature, or even as that which 1 wou
willingly assent to as an electrical bypothesis, It 1s, hozever',la
mode of connexion which is mechanically conceivable, an hea§1 3{
investigated, and it serves to bring out the actual mec at{ma
connexions between the known electro-magnetic phBUOI‘?GI}a‘ ; E?
that I venture to say that any one who understands th;: pllm]n.swmif
and temporary character of this hypothesis, will fﬂ“f ]",nlﬁ.c
rather helped than llilmlerml by it 1n hir searell after the true
interpretation of the phenomena. | |
mt’f‘lﬁjel ;tzgg; betwemll. the vortices and the layers of part_lf{;_lcs 18
in part tangential ; so that if there were any slipping or dll eren-f-.
tial motion between the parts in contact, there would ?16 &1 088 0
the energy belonging to the lines of force, and a gra uah tia?}f-
formation of that energy into heat. Now we know_tdaﬁ 'te
lines of force about a magnet are mamntained for an indefinite
time without any expenditure of encrgy ; so that we m‘;:l.sfif;. con;
clude that wherever there is tangential action between blj eren
parts of the medium, there is no motion of shppmg .L\tweeg
those parts. We must thercfore conceive that the vortices an
particles roll together without slipping; and that ic nitermr
strata of each vortex receive their proper veloeities from tie CX-
terior stratum without slippmg,ltlmttls, the angular velocity
ame throughout each vortcx. |
m‘ils‘fleb ten?ll}e;rocess n wghich clectro-magnetic energy 1sf¥ost mu{
transformed into heat, is in the passage of electricity mr? one
molecule to another. In all other cascs the energy ol th(,f vor-
tices can only be dimiilbishcd wh?l antpquw&]{mt quantity of me-
] 1s done-by magnetic action. |

Cha(gacell‘];;o;l&';; of anyeleca'ic current upon the surround'mg
medium is to make the vortices in contact with _thehcunent
revolve so that the parts next to the current move m the same
direction as the current. The parts furthest from the current
will move in the opposite direction ; und if the medium 1s a con-
ductor of electricity, so that the particles are free to mos;? n apﬁr
direction, the particles touching the outside of these vorticeswi
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be moved in a direction contrary to that of the current, so that
there will be an induced current in the opposite direction to the
prinary one,

If there were no resistance to the motion of the particles, the
induced current would be equal and opposite to the primary one,
and would continue as long as the primary current lasted, so that
it would prevent all action of the primary current at a distance.
If there is a resistance to the induced current, its particles act
upon the vortices beyond them, and transmit the motion of rota.
tion to them, till at last all the vortices in the medium are set in
motion with such velocitics of rotation that the particles between
them have no motion except that of rotation, and do not produce
currents. |

In the transmission of the motion from one vortex to another,
therc arises a force hetween the purticles and the vortices, by
which the particles are pressed in one direetion and the vortices
1n the opposite direction. We call the force acting on the par-
ticles the electromotive force. The reaction on the vortices is
equal and opposite, so that the electromotive force cannot move
any part of the medium as a whole, it can only produce currents.
When the primary current is stopped, the electromotive forces
all act in the opposite direction.

(7) When an electric current or & magnet 18 moved in pre-
senee of o conductor, the veloeity of rotation of the vortices in
any purt of the ficld is altered by that motion. The force by
which the proper amount of rotation is transmitted to cach vor-
tex, constitutes in this case also an electromotive force, and, if
permitted, will produce currents.

(8) When a conductor is moved in a field of magnetic force,
the vortices in it and in its neighbourhood are moved out of
therr places, and are changed in form. The force arising from
these changes constitutes the electromotive foree on a moving
conductor, and is found by calculation to correspond with that
determined by experiment.

We have now shown in what way electro-magnetic phenomena
may be imitated by an imaginary system of molecular vortices.
Those who have been already inclined to adopt an hypothesis of
this kind, will find here the conditions which must be fulfilled in
order to give it mathematical coherence, and a Comparison, 8o
far satisfactory, between its necessary results and known facts,
Those who look in a different direction for the explanation of the
fucts, may be able to compare this theory with that of the existe
cnee of currents flowing freely through bodies, and with that
which supposes electricity to act at a distance with n foree de-

pending on its velocity, and therefore not subjeet to the luw of
conmervition of cnergy.
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The facts of clectro-magnetism are so complicated and various,
that the explanation of auy number of them by several different
hypothicses must be interesting, not only to physicists, but to ali
who desire to understand how muceh evidence the explanation of
phenomena fends to the credibility of a theory, or how far we
ought to regard a coincidence 1 the mathematical expression of
two scts of phenomena as an indication that these phenomena
arc of the same kind, We know that partial coincidences of this
kind bave been discovered; and the fact that they arc only
partial is proved by the divergence of the laws of the two scts of
phenomena mn other respects. We may chance to find, in the
higher parts of physics, mstances of more complete coincidence,
which may require much investigation to detect their ultimate
divergence.

Note.—Since the first part of this paper was written, I have
seen in Crelle’s Journal for 1859, a paper by Prof. Helmholtz on
Fluid Motion, in which he has pointed out that the lines of flnid
motion are arranged according 1o the sapme Jaws nn the Jines of
magnetic force, the path of an cleetrie current corresponding to
a line of axes of those particles of the fluid which arc in a state
of rotation. This s an additional instance of a physical analogy,
the investigation of which may illustrate both electro-magnetism
and hydrodynamics. |

i i, il e

LII. Remarks on Mr. Cayley’s Note. By G.B. JERRARD*,
ESIGNATING by %, v two rational n-valued homogeneous

functions of the roots of the cquation
2”4+ A"+ A2+, A, =0,
we find by Lagrange’s theory that

V=1t n—a %t s ¥ e+ uﬂ_l} ; (e)
U=Vp1 +Vng UVt Vp_s® + ..y "t )7 "

in Whic}l Hn—1y fn—2 Moy Va—1 V-9 '_'VO _are symmetrical fllllc-
tions of the roots of the original equation in #; and », » depend
separately on two equations of the nth degreec

%" - Jl‘%ﬂ_l’*‘ﬁguﬂ_g'*‘ JK +“n==0: L (U)
v+ B v+ By 4 L L 4 B,=0, c e (V)

&y, Oy » +8ny By Bary« - PBn being, aswell as p,_,, . .y, symmetrical
functions of the roots of the equation in .

I ought to observe that any cocflicient, w,_,, in the equation

R

* Communicated by the Author,
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(#,) mny take the form
1\{-;1"3

D 2

M, ., D being expressive of whole funetions, and D, whieh re-
mns constant while M, _, successively becomes M,,_,,M,,_,,.. M,
being such as not to vanish except when (U) has equal roots.
We find in fact from the researches of Lagrange that

D=F(%,) F(u,)..F(u,),

where F(u) =nu"~T+ (n—1)a, u*~2+ (n —~2)ag ur =3 . . + &,_, 3
iy, Uy, .. U, denoting the n roots of the equation (U).
Of the meaning of the analogous expression

.N n- &
D

which obtains in (eg) for v,_,, it is needless to speak. Indeed,
having found one of the two equations (e), say (e,), we may in
general deduce the other, (e,), from it by the method of the
highest common divisor.

Let us now examine the following extract from Mr. Cayley’s
paper 1n the Jast Number (that for March) of the Philosophical
Magazine,

“Wnting,” he says, “with Mr, Cockle and Mr. Harley,

T Tally -V Xty - 2,005 + Ty -+ 200 o,

T =0, + 2,0, + B &g+ D5 + 224,

then (74 7' 1s a symmetrical function of all the roots, and it
must be excluded ; but) (t—17")2 or 77/ are each of them 6-valued
fimetions of the form in question, and either of these funetions

1s linearly connected with the Resolvent Product. In Lagrange’s
general theory of the solution of equations, if

Je=a2, o+ g+ B, + e,

then the coefficients of the equation the roots whereof are ( f:)9,
(fe)°, (), (fe*)®, and 1n particular the last cocflicient
(fo fe f f1*)% are determined by an equation of the sixth
degree ; and this last coefficient is a perfect fifth power, and its
fifth root, or fi fi® fi° fi%, is the function just referred to as the
Resolvent Product.

““The conclusion from the foregoing remarks is, that if the
equalion for W has the above property of the rational cvpressi-
Inlily of its roots, the equation of the sixth order resulting from
Lingrange’s general theory has the same property.”

[ere the question arises, Is it certain that fi fi2 /¢ fi' can, by



