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unity, and if it yields tidally they should have equal values.
The very close agreement between them is probably somewhat
due to chance. 1S POl 1eW 1 0 n

_ ance. From th_ls point of Tﬂew it seems reasonable to The following Appendices are reprints of papers published at various times.
combine all the observations, resultmg from 66 yeals of obser- Excepting where it is expressly so stated, or where it is obvious from the

vation, for both sorts of tides together. context, they speak as from the date of publication. The marginal notes

.o . . however to the appendices which appeared in the first edition speak as at the
Then writing X and Y for the numerical factors by which date of issue of that edition, viz. 1867 ; in the new appendices the marginal

the equilibrium values of the two components of either tide are notes are now added for the first time.
to be multiplied in order to give the actual results, I find

X=-676 + 076, Y =-029 £ -065.

Tidalyield- ‘These results really seem to present evidence of a tidal

APPENDIX TO CHAPTER VIL

(C.)—EQUATIONS OF EQUILIBRIUM OF AN KELASTIC SOLID
DEDUCED FROM THE PRINCIPLE OF ENERGY¥.

f'th D : ) : ) . . -
oasthes vielding of the earth’s mass, showing that it bas an effective (@) Let a solid composed of matter fulfilling no condition of
%nglﬂ[iity lrigidity about equa,l to that of steel *. 1sotropy il;t any part, and not homogeneous from part to part,
about equa . . . :
to or : : : be given of any shape, unstrained, and let every point of 1ts
greater But this result is open to some doubt for the following surface be altered in position to a given distance in a given
of stecl.  TCASOR: direction. It is required to find the displacement of every point
Taking only the Indian results (48 years in all), which are of its substance, in equilibrium. Let 2, v, 2 be the co-ordinates
much more consistent than the English ones, 1 find of any particle, P, of the substance in its undisturbed position, and
X =931 +056. Y =155+ ‘068 % +a, ¥+, 2+ its co-ordinates when displaced in the manner Strain of
| - ’ ‘ B - specified : that is to say, let a, 8, v be the components of the tu Jg;ﬂ;:
We thus see that the more consmj:ent obsel:va,tlons seem to required displacement, Then, if for brevity we put fled by six
bring out the tides more nearly to their theoretical equilibrium- . .
values with no elastic yielding of the solid. Ad=("2+ 1) ( B ) ( ) ]
dax dx dx
It is to be observed however that the Indian results being da ap :  dy |
confined within a narrow range of latitude give (especially when b= (@) dy " ) + (@)
we consider the absence of minute accuracy in the evaluation of da\? /df3 |
@ in § 848 (c)) aless searching test for the elastic yielding, than ¢= (RE ( dz) (dz + 1)
a combination of results from all latitudes. _dada ( a8 1) i dy ( iy 1) Lo e (1);
On the whole we may fairly conclude that, whilst there 1s T dyds \dy dz dy dz
some evidence of a tidal yielding of the earth’s mass, that , _dada 1) dp dp l)dy J
yielding is certainly small, and that the effective rigidity 1s at T dz (c_ﬁ: &z dw dz da
least as great as that of steel. o da _dp B dy dy |
c=|—+ 1) ) |
da dy dx (dy dx dy
* Tt is remarkable that elastic yielding of the upper strata of the earth, in
the case where the sea does not cover the whole surface, may lead to an apparent these six quantities 4, B, C, «, b, ¢ are proved (§ 190 (¢) and
augmentation of oceanic tides at some places, sitnated on the coasts of conti- § 181 (5)] to thoroughly determine the strain experienced by the
nents. This subject is investigated in the Report for 1882 of the Committee of
the British Association on ‘¢ The Lunar Disturbance of Gravity.” It is there, * Appendix to a paper by Sir W. Thomson on ‘- Dynamical problems 1e-
however, erroneously implied that this kind of elastic yielding would cause an garding Elastic Spheroidal Shells and Bphermda of mcompresmble liquid.”™

apparent augmentation of tide at all stations of observation. Phil. Trans. 1863, Vol. 153 p. 610.
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substance infinitely near the particle P (irrespectively of any
rotation it may experience), in the following manner:

(b.) Let ¢ 7, { be the undisturbed co-ordinates of a particle
infinitely near P, relatively to axes through P parallel to those
of z, y, z respectively ; and let ¢, », {, be the co-ordinates
relative still to axes through P, when the solid is in its strained
condition. Then

f"+m’+§f=Afg+Bnﬂ+ CC + 2anl + 2bLE + 2¢ém ...... (2);
and therefore all particles which in the strained state lie on a
spherical surface

ffﬂ + ,qfﬂ + C{ﬂ — _’r‘r!,
are in the unstrained state, on the ellipsoidal surface,
AE + B + O + 2anl + 20L& + 2c¢én = r*.

This (§§ 155—165) completely defines the homogeneous strain of
the matter in the neighbourhood of P.

(c.) Hence, the thermodynamic principles by which, in a paper
on the “Thermo-elastic Properties of Matter*,” Green’s dynamical
theory of elastic solids was demonstrated as part of the modern
dynamical theory of heat, show that if wdxdydz denote the work
required to alter an infinitely small undisturbed volume, dxdydz,
of the solid, into its disturbed condition, when 1ts temperature
is kept constant, we must have

w=f (4, B, Cy @ By €) eererereereennrs (3)

where f denotes a positive function of the six elements, which

vanishes when 4-1, B-1, C~1, a, b, ¢ each vanish, And if

W denote the whole work required to produce the change actually
experienced by the whole solid, we have

W= f[fwdedydz ....cccuoococvnvnnin. (4)

where the triple integral is extended through the space occupied
by the undisturbed solid.

(d.) The position assumed by every particle in the interior of
the solid will be such as to make this a minimum subject to the
condition that every particle of the surface takes the position
given to it; this being the elementary condition of stable equili-
brium. Hence, by the method of variations

SW = [[[Swdwdydz=0.............cvcce...(B).

* Quarterly Journ. of Math., April, 1856, or Mathematical and Physical
Papers by 8ir W. Thomson, 1882, Art. xvvirr, Part vi,
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But, exhibiting only terms depending on da, we have Potential
energy o
&w:{z ii_*."_(.‘iﬂ.‘“).,.@i&.,.d_w@}iaf ton;
dA4 \dx db dz dc dy) dx 4 minimum

for stable
equilibrium,

. {2 dwda dwda dw (da. )} dda.

Bay ettt d\@ )@

+{2dwdg+dwda+dw do. 1 dda
dC &z~ da dy 33(“* )}?zz"

dx
-+ etc,

Hence, integrating by parts, and observing that 8a, 883, 8y vanish
at the limiting surface, we have

oW =— [[[dxdydz {(flg + % + d-d—f) Oa + etc.} ...... (6)

doa dda doda.
respectively, in the preceding expression. In order that 8 W may
vanish, the multipliers of da, 88, &y, in the expression now found

for it, must each vanish, and hence we have, as the equations of
equilibrium

where for brevity P, @, R denote the multipliers of

e gy () + Do de , du dn ofnterm

del dA \dxz * db dz = de dy} equilibrium

d( . dwde dwda dw/d  solidexpers
— -_— o awioa nei

T3y {2 dBdy " da dz T de (da: T 1)} ______ ), bodily force.
d dw dﬂ‘. dw da. dw dﬂ,

"”&E{Z dCde” dadyt B (% " 1)}=°

ete. ete. | J

of which the second and third, not exhibited, may be written
down merely by attending to the symmetry.

(e.) From the property of w that it is necessarily positive when
there is any strain, it follows that there must be some distribu-
tion of strain through the interior which shall make [ [ [wdxdydz
the least possible, subject to the prescribed surface condition; and _
. ) - . . Their solu-
therefore that the solution of equations (7) subject to this con- tion proved

dition, is possible. If, whatever be the nature of the solid as E?ﬁqu;e and
to difference of elasticity in different directions, in any part, and s die
as to heterogeneity from part to part, and whatever be the b e,
extent of the change of form and dimensions to which it is oo bo fﬂff ©

subjected, there cannot be any internal configuration of unstable Piame equl-
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equilibrium, nor consequently any but one of stable equilibrium,
with the prescribed surface displacement, and no disturbing force
on the interior ; then, besides being always positive, w must be
such a function of 4, B, etc., that there can be only one solution
of the equations. This is obviously the case when the unstrained
solid 1s homogeneous.

(/) Itis easy to include, in a general investigation similar to
the preceding, the effects of any force on the interior substance,
such as we have considered particularly for a spherical shell, of
homogeneous isotropic matter, in § 730...737 above. Itis also
easy to adapt the general investigation to superficial data of force,
instead of displacement.

(9.) Whatever be the general form of the function f for any
part of the substance, since 1t 1s always positive it cannot change
in sign when 4 ~1, B-1,C -1, aq, b, ¢, have their signs changed ;
and therefore for infinitely small values of these quantities it must
be a homogeneous quadratic function of them with constant co-
efficients. (And it may be useful to observe that for all values of
tlie variables 4, B, etc., it must therefore be expressible in the
same form, with varying coeflicients, each of which is always
finite, for all values of the variables,) Thus, for infinitely small
strains we have QGreen’s theory of elastic solids, founded on a
homogeneous quadratic function of the components of strain, ex-

pressing the work required to produce it. Thus, putting
A—1=2¢ B~-1=2f, C=1=2g............ (8)
and denoting by % (¢, €), 4 (/, f),---(¢, f),-..(¢, @),... the coefli-

clients, we have, as above (§ 673),

w=3{(e,e) &€+ (f, £) S+ (g,9) 9"+ (a, a) & + (b, b) b°+ (¢, ¢) ¢*}
 +(e, f)ef +(e,9)eg + (e, @) ea + (e, b) eb + (e, ¢)ec

+(/,9)/9 + (f; e) Sa+ (£,b) fbo+ (fic) fe

+(g,a) ga + (9, 0) gb+(g,¢) ge

+ (a, b) ab+(a,c)ac

+(b,.c)bc.
o do

dA dz’

F(9).

(k.) When the strains are infinitely small the products

(f;; j: , etc., are each infinitely small, of the second order. We
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therefore omit them ; and then attending to (8), we reduce

(7) to

d dw ddw d dw 0
da de+dydc+dzdb_ ]
d dw d dw ddw_o
dwdec dy df deda [ ceeeeereens (10),

d dw+d dw+ddw_
de db  dyda dz dg

which are the equations of interior equilibrium. Attending to

dw dw

tlh t == stee -

(9) we see tha = "
b, ¢ the components of strain, Writing out one of them as an

example we have

D (o) ot (6.S)f+(0:0) g+ (6, ) 0+ (6, B) b+ (6, ) ... (1),

0

.. are linear functions of ¢, f, g, a,

And, a, B3, y denoting, as before, the component displacements of

any interior particle, P, from its undisturbed position (z, v, 2)
we have, by (8) and (1)

do. ~dp _dy

€= @ 2 f = @ y 9= EIZ; 1

“d18+°_51 b:d-y_l_@ c=da. dg
dz dy’ de  dz’ dy dx

It is to be observed that the coefficients (e, ¢), (e, .f), ete., will be
in general functions of (z, y, 2), but will be each constant when

the unstrained solid is homogeneous.

a

(¢.) It is now easy to prove directly, for the case of infinitely
small strains, that the solution of the equations of interior equi-
librium, whether for a heterogencous or a homogeneous sold,

subject to the prescribed surface condition, is unique. For, let

a, B, v be components of displacement fulfilling the equations,
and let o, 8, ¥ denote any other functions of «, y, 2, having
the same surface values as a, B, v, and let ¢, f7,..., v’ denote

functions depending on them in the same way as e, f, ..., w de- p

pend on a, B, v. Thus by Taylor’s theorem,

e:h_u_ dw dw

dw d__w

*d
w'-w=—(¢'~e)+ af (f'-f)'l"dg (9’—9)**‘&5 (ﬂ""ﬂ)"l'@ (b"'b)+&1—j(ﬂ'-ﬂ)+ﬂﬁ

de
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¢ — ¢, etc., that w is of ¢, etc. If for ¢'—¢, etc., we substitute
their values by (12), this becomes
, wd(a.’—a)+dwd(a’—a)+dwd(a.’—-a.)

WeW= e T dx b dz de ~ dy ~+eto. + .

Multiplying by dxdydz, integrating by parts, observing that
a'—a, §'— B, ¥ ~ y vanish at the bounding surface, and taking
account (10), we find simply

[[f(w' -—w) dedydz= || [Hdxdydz............... (13).

But H 1is essentially positive. Therefore every other interior
condition than that specified by a, 3, y, provided only it has the
same bounding surface, requires a greater amount of work than
w to produce it: and the excess is equal to the work that would
be required to produce, from a state of no displacement, such a
displacement as superimposed on a, 3, y, would produce the
other. And inasmuch as a, B, ¥, fulfil only the conditions of
satisfying (11) and having the given surface values, it follows
that no other than one solution can fulfil these conditions.

(j.) But (as has been pointed out to us by Stokes) when the
gurface data are of force, not of displacement, or when force acts
from without, on the interior substance of the body, the solution
is not in general unique, and there may be configurations of
unstable equilibrium even with Infinitely small displacement.
For instance, let part of the body be composed of a steel-bar
magnet ; and let a magnet be held outside in the same line, and
with a pole of the same name in its end nearest to one end of the
inner magnet. The equilibrium will be unstable, and there will
be positions of stable equilibrium with the inner bar slightly in-
clined to the line of the outer bar, unless the rigidity of the rest
of the body exceed a certain limit.

(%) Recurring to the general problem, in which the strains are
not supposed infinitely small ; we see that if the solid is isotropie
in every part, the function of 4, B, C, a, b, ¢ which expresses
w, must be merely a function of the roots of the equation

[§ 181 (11)]

(4 -OCHB-C)C-0)-a* (A=) - (B-{) —c*(C~ ) +2abe=0...(14)

which (that is the positive values of {) are the ratios of elonga-
tion along the principal axes of the strain-ellipsoid. It is un-

C, k]
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necessary here to enter on the analytical expression of this
condition, For in the case of 4 -1, B-1, (' ~1, a, b, ¢ each
infinitely small, it obviously requires that

(e, e)=(/S)=(9,9); (.f;g)=(g,e)=(€,f); (a,a)=(b,0)=(c,c);

(¢,2)

=(f, 8)=(g,¢)=0; (b,¢)=(c,a)=(a,0)=0; and

..(15).

(6, b)= (e, ¢) =(f, ¢)=(f,a)=(g, @)= (g, b)=0.

P

Thus the 21 coefficients are reduced to three—

(¢, ¢) which we may denote by the single letter %,
(j; g) 22 23 22 L m,

(a? a) ) 2 » 2) n.

¢sotropy; that is to say, perfect equality of elastic properties smong the

with reference to the three rectangular directions OX, 0Y, OZ. elastioity

But for spherical isotropy, or complete isotropy with reference to infinitely
: : oy » small

all directions through the substance, it is further necessary that strains.

as is easily proved analytically by turning two of the axes of
co-ordinates in their own plane through 45°; or geometrically
by &amining the nature of the strain represented by any one of
the elements a, b, ¢ (a simple shear) and comparing it with the
resultant of ¢, and f =— ¢ (which is also a simple shear), 1t 1s
convenient now to put

A+B=2m; sothat A=m+n, B=m—n............ (17);

and thus the expression for the potential energy per umt of
volume becomes
energy of

2w=m(3+f+9)ﬂ+”(ﬂg+f”+g“—Qfg—296—2qf'+a’+bﬂ+c’)...(18)_ - .
Using this in (9), and substituting for ¢, /, g, a, b, ¢ their values Ll:f:}itw

by (12), we find immediately the equations of internal equi- ?mmpia

librium, which are the same as (6) of § 698. solid,

(..) To find the mutual force exerted across any surface within

the solid, as expressed by (1) of § 662, we have clearly, by con-
sidering the work done respectively by P, €, &, S, T, U (§ 662)
on any infinitely small change of figure or dimensions in the

Potential

: Componernts
mhd’ of stress re-
guira;d for
dw dw duw dw infinitely

struil.

dw dw
=ZZ—E’ Q=-@:, R=-a'§, S"-:Ea, T='&B‘, U—au.(lg)- small
30—2
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Hence, for an isotropic solid, (18) gives the expressions which we
bhave used above, (12) of § 673.

(m.) To interpret the coefficients m and % in connexion with
elementary ideas as to the elasticity of the solid; first let
a=b=c=0, and e=f=¢=218: in other words, let the substance
experience a uniform dilatation, in all directions, producing an
expansion of volume from 1 to 1+8. In this case (18) becomes

w=4%(m—3zn)d;

dw

do
Hence (m — in) 8 is the normal force per unit area of its surface
required to keep any portion of the solid expanded to the amount
specified by 8. Thus m — 1n measures the elastic force called
out by, or the elastic resistance against,change of volume: and
viewed as a modulus of elasticity, it may be called the bulk-
modulus. [Compare § 692, 693, 694, 688, 682, and 680.]
What is commonly called the “compressibility” is measured by
1/(m — in). .

And let next e=f=g=>b=¢=0; which gives
w = 4na’; and, by (19), S'=na.

This shows that the tangential force per unit area required to
produce an infinitely small shear (§ 171), amounting to a, is na.
Hence n measures the innate power of the body to resist change
of shape, and return to its original shape when force has been

applied to change it : that is to say, it measures the rigidity of
the substance.

and we have

= (m —1in) é.

(D)—ON THE SECULAR COOLING OF THE EARTH™.

(a.) For eighteen years it has pressed on my mind, that
essential principles of Thermo-dynamics have been overlooked
by those geologists who uncompromisingly oppose all paroxysmal
hypotheses, and maintain not only that we have examples now
before us, on the earth, of all the different actions by which its
crust has been modified in geological history, but that these
actions have never, or have not on the whole, been more violent
in past time than they are at present.

Transactions of the Royal Scciety of Edinburgh, 1862 (W. Thomson).

D, b] COOLING OF THE EARTH. 469

(b.) It is quite certain the solar system cannot have gone on, Dissipation
even as at present, for a few hundred thousand or a few million "f’,fo“i.f‘i’i.ﬁ
years, without the irrevocable loss (by dissipation, not by anni- ggl:ém_
hilation) of a very considerable proportion of the entire energy
initially in store for sun heat, and for Plutonic action. It is
quite certain that the whole store of energy in the solar system
has been greater in all past time than at present; but it is con-
ceivable that the rate at which it has been drawn upon and dis-
sipated, whether by solar radiation, or by volcanic action in the
earth or other dark bodies of the system, may have been nearly
equable, or may even have been less rapid, in certain periods of
the past. But it is far more probable that the secular rate of
dissipation has been in some direct proportion to the total amount
of energy in store, at any time after the commencement of the
present order of things, and has been therefore very slowly

diminishing from age §o age.

(c.) I have endeavoured to prove this for the sun’s heat, in an Terrestrial
. estria
article recently published in Macmillun's Magazine(March1862)¥, fuenced by

where 1 have shown that most probably the sun was sensibly b botter

hotter a million years ago than he 1s now. Hence, geological Ty fow
speculations assuming somewhat greater extremes of heat, more years 280
violent storms and floods, more luxuriant vegetation, and hardier

and coarser grained plants and animals, in remote antiquity, are

more probable than those of the extreme quietist, or ‘uni-
formitarian” school. A middle path, not generally safest in
scientific speculation, seems to be so in this case. It is probable

that hypotheses of grand catastrophes destroying all life from

the earth, and ruining its whole surface at once, are greatly 1n

error ; it is impossible that hypotheses assuming an equability

of sun and storms for 1,000,000 years, can be wholly true.

(d.) Fourier's mathematical theory of the conduction of heat
is & beautiful working out of a particular case belonging to the
general doctrine of the “Dissipation of Energy{.” A churacter-
istic of the practical solutions it presents is, that in each case a

* Reprinted as Appendix E, below. | |

+ Proceedings of Royal Soc. Edin., Feb. 1852. “On a universal Tendency
in Nature to the Dissipation of Mechanical Energy,” Mathematical and Physical
Papers, by Sir W. Thomson, 1882, Art. Lix. Also, “On the Restoration of Energy
in an unequally Heated Space,” Phil. Mag., 1853, first half year, Mathematical
and Physical Papers, by Sir W, Thomson, 1882, Art. Lxm.
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distribution of temperature, becoming gradually equalized through
an unlimited future, is expressed as a function of the time, which
is infinitely divergent for all times longer past than a definite
determinable epoch. The distribution of heat at such an epoch
is essentially initial—that is to say, it cannot result from any
previous condition of matter by natural processes. It is, then,
well called an “arbitrary initial distribution of heat,” in Fourier’s
great mathematical poem, because that which is rigorously ex-
pressed by the mathematical formula could only be realized by
action of a power able to modify the laws of dead matter. In an
article published about nineteen years ago in the Cambridge
Mathematical Journal*, 1 gave the mathematical criterion for an
essentially initial distribution ; and in an inaugural essay, “De
Motu Caloris per Terree Corpus,”’ read before the Faculty of the
University of Glasgow in 1846, I suggested, as an application
of these principles, that a perfectly complete geothermic survey
would give us data for determining an initial epoch in the pro-
blem of terrestrial conduction. At the meeting of the British
Association in Glasgow in 1855, I urged that special geothermic
surveys should be made for the purpose of estimating absolute
dates in geology, and I pointed out some cases, especially that
of the salt-spring borings at Creuznach, in Rhenish Prussia, in
which eruptions of basaltic rock seem to leave traces of their
igneous origin in residual heatt. I hope this suggestion may yet
be taken up, and may prove to some extent useful ; but the dis-
turbing influences affecting underground temperature, as Pro-
fessor Phillips has well shown 1n & recent inaugural address to
the Geological Society, are too great to allow us to expect any
very precise or satisfactory resultsy.

(¢.) The chief object of the present communication is to esti-
mate from the known general increase of temperature in the
earth downwards, the date of the first establishment of that con-

swstentior statws, which, according to Leibnitz's theory, is the
initial date of all geological history.

* Feb, 1844.—¢ Note on Certain Points in the Theory of Heat,” Mathemati-
cal and Physical Papers, by Sir W. Thomson, 1882, Vol. 1. Art. x.

+ See British Association Report of 1855 (Glasgow) Meeting.

+ Much work in the direction suggested above has been already carried out
by the Committee of the British Association, on Underground Temperature.
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(/) In all parts of the world in which the earth’s crust has Increase of
been examined, at sufficiently great depths to escape large in- ?olﬁg
n '8

fluence of theirregular and of the annual variations of the super- crust: but
ficial temperature, a gradually increasing temperature has been pe im1§
found in going deeper. The rate of augmentation (estimated at ﬁ?,;’ﬁ;:f;‘, |
only t15th of a degree, Fahr., in some localities, and as much |
as yxth of a degree in other, per foot of descent) has not been
observed in a sufficient number of places to establish any fair

average estimate for the upper crust of the whole earth. But

Foth is commonly accepted as a rough mean; or, in other words,

it 1s assumed as a result of observation, that there is, on the

whole, about 1° Fahr, of elevation of temperature per 50 British

feet of descent.

(9.) The fact that the temperature increases with the depth Seculur loss

implies a continual loss of heat from the interior, by conduction E{; :1}?:?23&
outwards through or into the upper crust. Hence, since the strated:
upper crust does not become hotter from year to year, there

must be a secular loss of heat from the whole earth. It is pos-

sible that no cooling may result from this loss of heat, but only

an exhaustion of potential energy, which in this case could

scarcely be other than chemical affinity between substances but not so

forming part of the earth’s mass. But it is certain that either or ypﬂ’ﬁsent
the earth is becoming on the whole cooler from age to age, or ﬁ?il#;’

the heat conducted out is generated in the interior by temporary 3?;";;’&‘;,

dynamical (that is, in this case, chemical) action*, To suppose,
as Lyell, adopting the chemical hypothesis, has donet, that the
substances, combining together, may be again separated electro-

lytically by thermo-electric currents, due to the heat generated Fallacy of
& thermo-

by their combination, and thus the chemical action and its heat electric
. . . . . erpetua
continued in an endless cycle, violates the principles of natural motion.

philosophy in exactly the same manner, and to the same degree,
as to believe that a clock constructed with a self-winding move-
ment may fulfil the expectations of its ingenious inventor by
going for ever.

* Another kind of dynamical action, capable of generating heat in the interior
of the earth, is the friction which would impede tidal oscillations, if the earth
were partially or wholly constituted of viscous matter. See a paper by Mr G. H.
Darwin, ** On problems connected with the tides of a viscous spheroid.” Phil,
Trans. Part 11, 1879,

+ Principles of Geology, chap. xxxi. ed. 1853,
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(h.) It must indeed be admitted that many geological writers
of the ‘“Uniformitarian” school, who in other respects have
taken a profoundly philosophical view of their subject, have
argued 1n a most fallacious manner against hypotheses of violent
action in past ages. If they had contented themselves with
showing that many existing appearances, although suggestive of
extreme violence and sudden change, may have been brought
about by long-continued action, or by paroxysms not more in-
tense than some of which we have experience within the periods
of human history, their position might have been unassailable ;
and certainly could not have been assailed except by a detailed
discussion of their facts. It would be a very wonderful, but not
an absolutely incredible result, that volcanic action has never
been more violent on the whole than during the last two or three
centuries ; but it is as certain that there is now less volcanic
energy 1n the whole earth than there was a thousand years ago,
as 1t 1s that there is less gunpowder in a “Monitor” after she
has been seen to discharge shot and shell, whether at a nearly
equable rate or not, for five hours without receiving fresh sup-
plies, than there was at the beginning of the action. Yet this
truth has been ignored or denied by many of the leading geolo-
gists of the present day *,because they believe that the facts within
their province do not demonstrate greater violence in ancient
changes of the earth’s surface, or do demonstrate a nearly equable
action in all periods.

(2.) The chemical hypothesis to account for underground heat
might be regarded as not improbable, if it was only in isolated
localities that the temperature was found to increase with the
depth ; and, indeed, it can scarcely be doubted that chemical
actlon exercises an appreciable influence (possibly negative, how-
ever) on the action of volcanoes; but that there is slow uniform
“combustion,” eremacauss, or chemical combination of any kind
golng on, at some great unknown depth under the surface every-
where, and creeping inwards gradually as the chemical affinities
in layer after layer are successively saturated, seems extremely
improbable, although it cannot be pronounced to be absolutely
impossible, or contrary to all analogies in nature. The less

* It must be borne in mind that this was written in 1862, The opposite

statement concerning the beliefs of geologists would probably be now nearer the
truth.

D, 2] COOLING OF THE EARTH, 473

hypothetical view, however, that the earth is merely a warm
chemically inert body cooling, is clearly to be preferred in the
present state of science. '

(5.) Poisson’s celebrated hypothesis, that the present under- Poisson’s

] : h :
ground heat is due to a passage, at some former period, of the tg D oont

solar system through hotter stellar regions, cannot provide the tonqoro "ary

circumstances required for a palxontology continuous through 'Zﬂl;;}.omd

that epoch of external heat. For from a mean of values of the Mpossible
conductivity, in terms of the thermal capacity of unit volume, of Sf3iruetion
the earth’s crust, in three different localities near Edinburgh,
deduced from the observations on underground temperature

instituted by Principal Forbes there, 1 find that if the sup-

‘pused transit through a hotter region of space took place

between 1250 and 5000 years ago, the temperature of that sup-
posed region must have been from 25° to 50° Fahr. above the
present mean temperature of the earth’s surface, to account for
the present general rate of underground increase of temperature,
taken as 1° Fahr. in 50 feet downwards. Human history nega-
tives this supposition. Again, geologists and astronomers will,
I presume, admit that the earth cannot, 20,000 years ago, have
been in a region of space 100° Fahr. warmer than its present
surface. But if the transition from a hot region to a cool fegion Poisson's
supposed by Poisson took place more than 20,000 years ago, the glogore as
excess of temperature must have been more than 100° Fahr., and 20§ 2Pt

able mitiga-
must therefore have destroyed animal and vegetable life. Hence, 30 of

» Leibnita’s
the further back and the hotter we can suppose Poisson’s hot theory-
region, the better for the geologists who require the longest
periods ; but the best for their view 18 Leibnitz’s theory, which
simply supposes the earth to have been at one time an incan-
descent liquid, without explaining how i$ got into that state. If

we suppose the temperature of melting rock to be about 10,000°
Fahr. (an extremely high estimate), the consolidation may have
taken place 200,000,000 years ago. Or, if we suppose the
temperature of melting rock to be 7000° Fahr, (which is more
nearly what it is generally assumed to be), we may suppose the

consolidation to have taken place 98,000,000 years ago.

(k.) These estimates are founded on the Fourier solution de- Probable
monstrated below. The greatest variation we have to make in uncertainty

» . » - t!O'th 3 '
them, to take into account the differences in the ratios of con- mal con.
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gggh;iﬁl;g_ ductivities to specific heats of the three Edinburgh rocks, is to calculus), dv/dx the rate of variation of the temperature per unit
ties of sur- rﬁduce them to nearly half, or t(; incm—::a.s,]tf’;l tht:lm by mthe; more of length perpendicular to the isothermal planes.
than half. A reduction of the Greenwich underground observa : . ey s : :
tions recently communicated to me by Professor Everett of (m.) To demonstrate this solution, 1t 1s sutlicient to verify—
Windsor, Nova Scotia, gives for the Greenwich rocks a quality (1.) That the expression for v satisfies Fourier’s equation for
intermediate between those of the Edinburgh rocks. But we are the linear conduction of heat, viz.:
very ignorant as to the effects of high temperatures in altering dv d*v
the conductivities and specific heats of rocks, and as te their dt " da
latent heat of fusion. We must, therefore, allow very wide (2.) That when ¢ =0, the expression for v becomes v,+ ¥ for all
limits in such an estimate as I have attempted to make; but I positive, and v, — V for all negative values of 2; and (3.) That the proet,
think we may with much probability say that the consolidation expression for dv/dz is the differential coefficient of the expres-
cannot have taken place less than 20,000,000 years ago, or we sion for v with reference to . The propositions (1.) and (3.) are
Extreme should have more underground heat than we actually have, nor proved directly by differentiation. To prove (2.) we have, when
i more than 400,000,000 years ago, or we should not have so much t =0, and z positive
g:rtfh?; cor- as the least observed underground increment of temperature. , L IV .
wiidation-  That is to say, I conclude that Leibnitz’s epoch of emergence V=Nt T [: dae”*
of the consistentior status was probably between those dates. or according to the known value, 3/r, of the definite integral
(..) The mathematical theory on which these estimates are P B 7.
founded is very simple, being, in fact, merely an application of ,/: % T V=% TV
one of Fourier's elementary solutions to the problem of finding and for all values of ¢, the second term has equal positive and
at any time the rate of variation of temperature from point to negative values for equal positive and negative values of z, 80
point, and the actual temperature at any point, in a solid extend- that when ¢ = 0 and « negative,
ing to infinity in all directions, on the supposition that at an v =v,—V.
initial epoch the t? mperature h?,s 'had : bwo dufferent const?.nt The admirable analysis by which Fourier arrived at solutions -
values on the two sides of a certaln infinite plane. The solution : : : : : :
for the two required elements is as follows:— cluding thls., forms a most 1-nte1:est1n¥ a.lzld 1mp0riiant mathematical
Mathemati. study. It is to be found in his 7éorie Analytique de la Chaleur.
cal expres- dv_ Vo Paris, 1822.
gion for dx J;‘i € , . .
temmperature : (n.) The accompanying dla.gram (page 477) represents,. by two
%{{?:EEE:-{ A o= + 2y J’ 22V xt Py curves, the preceding expressions for dv/dx and v resPe(.';twely.
f.?‘?.;’:‘,f?"i“" N7 Jo (0.) The solution thus expressed and illustrated applies, for a f'i.».f-"iﬁfé"o‘:-
' where « denotes the conductivity of the solid, measured in terms certain time, without sensible error, to the case of a solid sphere, temperature

primitively heated to a uniform temperature, and suddenly ex- v e i

posed to any superficial action, which for ever after keeps the mﬁ‘:’;‘;o
surface at some other constant temperature, If, for instance, °!:

of the thermal capacity of the unity of bulk;
V, half the difference of the two initial temperatures;

v,, their arithmetical mean;

¢, the time;

a, the distance of any point from the middle plane;
v, the temperature of the point « and ¢;

and, consequently (according to the notation of the differential

the case considered is that of a globe 8000 miles diameter of
solid rock, the solution will apply with scarcely sensible error for
more than 1000 millions of years. For, if the rock be of a
certain average quality as to conductivity and specific heat, the
value of «, as found in a previous communication to the Royal



proved to be
practically
approximate
for the earth
for 100 mil-
hion years.

Distribution
of tempera-
ture 100 mil-
lion years
after com-
mencement
of cooling

of a great
enough mass
of average
rock.

476

APPENDIX D. (D, o.

Society,* will be 400, for unit of length a British foot and unit of

time a year; and the equation expressing the solution becomes
dv 4
dr 354 \/t

and if we give ¢ the value 1,000,000,000, or anything less, the
exponential factor becomes less than €¢°® (which being equal
to about 5+, may be regarded as insensible), when x exceeds
3,000,000 feet, or 568 miles. That is to say, during the first
1000 million years the variation of temperature does not become
sensible at depths exceeding 568 miles, and is therefore con-

fined to so thin a crust, that the influence of curvature may be
neglected.

(p.) If, now, we suppose the time to be 100 million years from
the commencement of the variation, the equation becomes

@ —_ 1 Ve~ % 11600 X108
dyx 354X108 :

The diagram, therefore, shows the variation of temperature which
would now exist in the earth if, its whole mass being first solid
and at one temperature 100 million years ago, the temperature of
1ts surface had been everywhere suddenly lowered by ¥V degrees,

and kept permanently at this lower temperature: the scales used
being as follows:— |

(1) For depth below the surface,—scale along 0X, length a,
represents 400,000 feet.

(2) For rate of increase of temperature per foot of depth,—

scale of ordinates parallel to OY, length b, represents Ao Of
V per foot. If, for example, V= 7000° Fahr. this scale will
be such that b represents 1 of a degree Fahr. per foot.

(3) For excess of temperature,—scale of ordinates parallel to
0Y, length b, represents V/% /=, or 7900 if ¥V = 7000° Fahr.

Thus the rate of increase of temperature from the surface
downwards would be sensibly 2 of a degree per foot for the

~ first 100,000 feet or so. Below that depth the rate of increase

per foot would begin to diminish sensibly. At 400,000 feet it
would have djminished to about 3+ of a degree per foot. At

* «On the Periodical Variations of Underground Temperature.” Trans.

Roy.

Soc. Edin., March 1860.

D, p.] COOLING OF THE EARTH. 477

INCREASE OF TEMPERATURE- DOWNWARDS IN THE EARTH. Distribution

of tempera-

ture 100 mile
o= N s
mencemsent
NP =be-@ /a2 =y, of cooling
of a great
enoughmass
1 (% of average
NP=area ONP'Ad+a= a1 y dz, rock :
T 0 ------ 1 b ----- 20 3b 1H ___Y
Y
3 |
AL
ol
* L]
axho graphically
, represented
axilo
R
I
ax25H
| M e et m et ARE ARt et AN A AR AT e immmaa e s s — J

OPQ curve showing excess of temperature above that of the surface.
AP'R curve showing rate of augmentation of femperature downwards,



478

APPENDIX D. [D, ».

800,000 feet it would have diminished to less than 2; of its
initial value,—that is to say, to less than g4 of a degree per
foot; and so on, rapidly diminishing, as shown in the curve.
Such is, on the whole, the most probable representation of the
earth’s present temperature, at depths of from 100 feet, where
the annual variations cease to be sensible, to 100 miles ; below
which the whole mass, or all except a nucleus cool from the
beginning, is (whether liquid or solid), probably at, or very

nearly at, the proper melting temperature for the pressure at
each depth.

D, r] COOLING OF THE EARTH. 479

It is therefore probable that for the last 96,000,000 years the
rate of increase of temperature under ground has gradually
diminished from about -%th to about 44;th of a degree Fahrenheit
per foot, and that the thickness of the crust through which any
stated degree of cooling has been experienced has iIn that
period gradually increased up to its present thickness from fth
of that thickness. Is not this, on the whole, in harmony with
geological evideucs, rightly interpreted? Do not the vast masses
of Dbasalt, the general appearances of mountain-ranges, the vio-
lent distortions and fractures of strata, the great prevalence of

T?m.terxiaolt (¢.) The theory indicated above throws light on the question so metamoo'phu? actz‘a?z (Whmlﬁ mlif ¢ ha.ve‘ tazlcen pla: © ::t dz]l;ﬂ;ﬂt; t
sensibly in- often discussed, as to whether terrestrial heat can have influenced not wany miles, if so much), all agree in demonstrating that the
fluenced by rate of increase of temperature downwards must have been much

'IlIldEl‘d
Emh.

climate through long geological periods, and allows us to answer
1t very decidedly in the negative. There would be an increment of

temperature at the rate of 2° Fahr. per foot downwards near the
surface 10,000 years after the beginning of the cooling, in the

case we have supposed. The radiation from earth and atmo-

more rapid, and in rendering it probable that volcanic energy,
earthquake shocks, and every kind of so-called plutonic action,
have been, on the whole, more abundantly and violently opera-
tive in geological antiquity than in the present age?

(s.) But it may be objected to this application of mathematical Objections

theory—(1), That the earth was once all melted, or at least trial appli-
cation

melted all round its surface, and cannot possibly, or rather cannot raised and

sphere into space (of which we have yet no satisfactory absolute
measurement) would almost certainly be so rapid in the earth’s

actual circumstances, as not to allow a rate of increase of 2° Fahr, removed

per foot underground to augment the temperature of the surface
by much more than about 1°; and hence I infer that the general
climate cannot be sensibly affected by conducted heat at any time
more than 10,000 years after the commencement of superficial
solidification. No doubt, however, in particular places there
might be an elevation of temperature by thermal springs, or by
eruptions of melted lava, and everywhere vegetation would, for
the first three or four million years, if it existed so soon after
the epoch of consolidation, be influenced by the sensibly higher
temperature met with by roots extending a foot or more below
the surface.

with any probability, be supposed to have been ever a uniformly
heated solid, 7000° Fahr. warmer than our present surface
temperature, as assumed in the mathematical problem ; and (2)
No natural action could possibly produce at one instant, and
maintain for ever after, a seven thousand degrees’ lowering of
the surface temperature. Taking the second objection first, I
answer it by saying, what I think cannot be denled, that a large
mass of melted rock, exposed freely to our air and sky, will, after
it once becomes crusted over, present in a few hours, or a few
days, or at the most a few weeks, a surface so cool that 1t can be
walked over with impunity. Hence, after 10,000 years, or,

EEES ) Wi ot of it o e e
i;;_;‘:"'“n“ e o o dlmmlﬁhl_ng s tO thﬁ [ rersb proportion of 1;he Sa’m;’ o L d ebac L ((; ed T.n an irfsta,nt andpmaintaineilr
enongh the square roots of the 1;1!]183 from t]:.m 1nitial epoch. Thus, if at the ::;tace a , eenIpar::S :.::r o an dosi (,} and maintaied
ﬂg% 10,009 yoars wo have ' per ot of Inorement below ground, 'fi? zipeﬁtz::l;is i:i]l find the "latent heat ng fusion, aynd {heb:raria-
:E%usfnﬁ At £9,099 years we should have 1: per foot. tions of conductivity and specific heat of the earth’s cr?st up to
cooling from ? 169,090 ” ¥ oo» its melting point, it will be easy to modify the solution given
%ﬁﬁ;&& »w 4,000,000 ” 'y Yo 9 above, 80 as to mkae it applii:able tct the case‘ of a liquid globe
%fﬁ;o:?m ,» 100,000,000 ’s 'y 250 1 gradually solidifying from without inwards, in consequence of
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heat conducted through the solid crust to a cold external medium.
In the meantime, we can see that this modification will not make
any considerable change in the resulting temperature of any
point in the crust, unless the latent heat parted with on solidifi-
cation proves, contrary to what we may expect from analogy, to
be considerable in comparison with the heat that an equal mass
of the solid yields in cooling from the temperature of solidifica-

tion to the superficial temperature. But, what 1s more to the
purpose, it is to be remarked that the objection, plausible as it
appears, is altogether fallacious, and that the problem solved

above corresponds much more closely, in all probability, with the

actual history of the earth, than does the modified problem sug-
gested by the objection. The earth, although once all melted, or
melted all round its surface, did, in all probability, really become
a solid at its melting temperature all through, or all through the
outer layer, which had been melted ; and not until the solidifica-
tion was thus complete, or nearly so, did the surface begin to
cool. That this is the true view can scarcely be doubted, when

the following arguments are considered.

(¢.) In the first place, we shall assume that at one time the
earth consisted of a solid nucleus, covered all round with a very
deep ocean of melted rocks, and left to cool by radiation into
space. This is the condition that would supervene, on a cold
body much smaller than the present earth meeting a great number
of cool bodies still smaller than itself, and is therefore 1n accord-
ance with what we may regard as a probable hypothesis regarding
the earth’s antecedents. It includes, as a particular case, the
commoner supposition, that the earth was once melted through-
out,a condition which might result from the collision of two nearly
equal masses. But the evidence which has convinced most geolo-
gists that the earth had a fiery beginning, goes but a very small
depth below the surface, and affords us absolutely no means of
distinguishing between the actual phenomena, and those which
would have resulted from either an entire globe of liquid rock,
or a cool solid nucleus covered with liquid to any depth exceed-
ing 50 or 100 miles. Hence, irrespectively of any hypothesis
as to antecedents from which the earth’s initial fiery condition
may have followed by mnatural causes, and simply assuming, as
rendered probable by geological evidence, that there was at one
time melted roek all over the surface, we need not assume the
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depth of this lava ocean to have been more than 50 or 100 miles $
although we need not exclude the supposition of any greater depth,
or of an entire globe of liquid.

(w.) In the process of refrigeration, the fluid must [as I have
remarked regarding the sun, in a recent article in Macmillan’s
Magazine (March, 1862)¥*, and regarding the earth’s atmosphere,

In & communication to the Literary and Philosophical Society of
Manchester 1| be brought by convection, to fulfil a definite law of ' Convective

Tt : ‘ - .  equilibrium
distribution of temperature which I have called ‘convective equi- of tempera-

librium of temperature.” That is to say, the temperatures at fed:
different parts in the interior must [in any great fluid mass
which is kept well stirred] differ according to the different pres-
sures by the difference of temperatures which any ome portion
of the liquid would present, if given at the temperature and pres-

sure of any part, and then subjected to variation of pressure, but must have
. en ap-

prevented from losing or gaining heat. The reason for this is proximately
. | fulfilled
the extreme slowness of true thermal conduction; and the con- until solidi-

sequently preponderating influence of great currents throughout commenced.

‘& continuous fluid mass, in determining the distribution of tem-
perature through the whole._

(v.) The thermo-dynamic law connecting temperature and
pressure in a fluid mass, not allowed to lose or gain heat, in-
vestigated theoretically, and experimentally verified in the cases
of air and water, by Dr Joule and myself, shows, therefore,
that the temperature in the liquid will increase from the surface
downwards, 1f, as 18 most probably the case, the liquid contracts
in cooling. On the other hand, if the liquid, like water near its

* See Appendix E, below.

+ Proceedings, Jan. 1862. ¢ On the Convective Equilibrium of Temperature
in the Atmosphere.”

1 Joule, * On the Changes of Temperature produced by the Rarefaction and
Condensation of Air,” Phil. Mag. 1845, Thomson, *“ On a Method for Deter-
mining Experimentally the Heat evolved by the Compression of Air ;” Dynamical
Theory of Heat, Part IV., Trans. R. 8. E., Session 1850-51; and reprinted
Phil, Mag. Joule and Thomson, *On the Thermal Effects of Fluids in Motion,”
Trans. R. 8. Lond., June 1853 and June 18564. Joule and Thomson, “On the
Alterations of Temperature accompanying Changes of Pressure in Fluids,?”
Proceedings R. S. Lond., June 1857. These articles, except the first by Joule,
are all now republished in Vol. I. Arts, xrvimr. and xuix. of Mathematical and

Physical Papers, by Sir W. Thomson.
vOL. II 21
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freezing-point, expands in cooling, the temperature, according
to the convective and thermo-dynamic laws just stated (§ «, v),
would actually be lower at great depths than near the surface,
even although the liquid is cooling from the surface; but there
would be a very thin superficial layer of lighter and cooler liquid,

losing heat by true conduction, until solidification at the surface
would commence,

(w.) Again, according to the thermo-dynamic law of freezing,
investigated by my brother¥*, Professor James Thomson, and
verified by myself experimentally for watert, the temperature of
golidification will, at great depths, because of the great pressure,
be higher there than at the surface if the fluid contracts, or lower
than at the surface if it expands, in becoming solid.

() How the temperature of solidification, for any pressure,
may be related to the corresponding temperature of fluid con-
vective equilibrium, it is impossible to say, without knowledge,
which we do not yet possess, regarding the expansion with heat,
and the specific heat of the fluid, and the change of volume, and
the latent heat developed in the transition from fluid to sohd.

(y.) For instance, supposing, as is most probably true, both
that the liquid contracts in cooling towards its freezing-point,
and that it contracts in freezing, we cannot tell, without definite
numerical data regarding those elements, whether the elevation
of the temperature of solidification, or of the actual temperature
of a portion of the fluid given just above its freezing-point, pro-
duced by a given application of pressure is the greater. If the
former is greater than the latter, solidification would commence
at the bottom, or at the centre, if there is no solid nucleus to
begin with, and would proceed outwards; and there could be no
complete permanent incrustation all round the surface till the

whole globe is solid, with, possibly, the exception of irregular,
comparatively small spaces of liquid.

(z.) If, on the contrary, the elevation of temperature, produced

® « Theoretical Considerations regarding the Effect of Pressure in lowering
the Freezing-point of Water,” Trans. R, S. E., Jan. 1849, Republished by
permission of the author, in Vol. I. (pp. 166—164) of Mathematical and Phy-
sical Papers, by 8ir W, Thomson, 1882, |

+ Proceedings R. S, E., Session 1849-50. Mathematical and Physical Papers,
by Bir W, Thomson, 1882, p. 165,
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by an application of pressure to a given portion of the fluid, 1s
greater than the elevation of the freezing temperature produced
by the same amount of pressure, the superficial layer of the fluid
would be the first to reach its freezing-point, and the first actually
to freeze.

(aa.) But if, according to the second supposition of § v, the
liquid expanded in cooling near its freezing-point, the solid would
probably likewise be of less specific gravity than the liquid at 1ts
freezing-point. Hence the surface would crust over permanently
with a erust of solid, constantly increasing inwards by the freez-
ing of the interior fluid in consequence of heat conducted out
through the crust. The condition most commonly assumed by
geologists would thus be produced.

(bb.) But Bischof’s experiments, upon the validity of which, g?epx%rgi?w

as far as T am aware, no doubt has ever been thrown, show that Eee;;it;latiir‘;l
melted granite, slate, and trachyte, all contract by something of contrac.
about 20 per cent. in freezing. We ought, indeed, to have more pansion of
experiments on this most important point, both to verify Bischof’s rocks in

- ey solidifica-
results on rocks, and to learn how the case is with iron and other tion.

unoxydised metals. In thé meantime we must consider it as pro-

bable that the melted substance of the earth did really contract
by a very considerable amount in becoming solid.

(cc.) Hence if, according to any relations whatever among the
complicated physical circumstances concerned, freezing did really
commence at the surface, either all round or in any part, before
the whole globe had become solid, the solidified superficial layer
must have broken up and sunk to the bottom, or to the centre,
before it could have attained a sufficient thickness to rest stably

on the lighter liquid below. It is quite clear, indeed, that if at Bischot’s

oy - - » . - t
any time the earth were in the condition of a thin solid shell of, proving

let us suppose 50 feet or 100 feet thick of granite, enclosing a Conkraction

continuous melted mass of 20 per cent. less specific gravity in its fmmm"

hat the
upper parts, where the pressure is small, this condition cannot neveral.
have lasted many minutes. The rigidity of a solid shell of super- ‘;’.;f;‘ﬂ‘i"
ficial extent so vast in comparison with its thickness, must be as :?é’nd‘fﬂ

nothing, and the slightest disturbance would cause some part to ggg;;gg‘r

bend down, crack, and allow the liquid to run out over the whole {w the
solid. The crust itself would in consequence become shattered

into fragments, which must all gink to the bottom, or meet in
31—2
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the centre and form a nucleus there if there is none to begin
with. |

(dd.) It is, however, scarcely possible, that any such continuous
crust can ever have formed all over the melted surface at one
time, and afterwards have fallen in. The mode of solidification
conjectured in § ¥, seems on the whole the most consistent with
what we know of the physical properties of the matter concerned.
So far as regards the result, it agrees, I believe, with the view
adopted as the most probable by Mr Hopkins*, But whether
from the condition being rather that described in § 2, which
seems also possible, for the whole or for some parts of the hetero-
geneous substance of the earth, or from the viscidity as of mortar,
which necessarily supervenes in a melted fluid, composed of in-
gredients becoming, as the whole cools, separated by crystallizing
at different temperatures before the solidification is perfect, and
which we actually see in lava from modern volcanoes; it is pro-
bable that when the whole globe, or some very thick superficial
layer of it, still liquid or viscid, has cooled down to near its tem-
perature of perfect solidification, incrustation at the surface must
commence.,

(ee.) It is probable that crust may thus form over wide extents
of surface, and may be temporarily buoyed up by the vesicular
character it may have retained from the ebullition of the liquid
in some places, or, at all events, it may be held up by the

viscidity of the liquid ; until it has acquired some considerable

thickness sufficient to allow gravity to manifest its claim, and
sink the heavier solid below the lighter liquid. This process
must go on until the sunk portions of crust build up from the
bottom a sufficiently close ribbed solid skeleton or frame, to allow
fresh incrustations to remain bridging across the now small areas
of lava pools or lakes.

(7.) In the honey-combed solid and liquid mass thus formed,
there must be a continual tendency for the liquid, in consequence
of 1ts less specific gravity, to work its way up; whether by masses
of solid falling from the roofs of vesicles or tunnels, and causing
earthquake shocks, or by the roof breaking quite through when
very thin, so as to cause two such hollows to unite, or the liquid of

* Hee his report on ‘* Earthquakes and Volcanie Action.” British Associa~
tion Report for 1847,
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any of them to flow out freely over the outer surface of the earth;
or by gradual subsidence of the solid, owing to the thermo-
dynamic melting, which portions of it, under intense stress, must

experience, according to views recently published by Professor
James Thomson¥*, The results which must follow from this

tendency seem sufficiently great and various to account for all
that we see at present, and all that we learn from geological
investigation, of earthquakes, of upheavals, and subsidences of

solid, and of eruptions of melted rock.

(99.) These conclusions, drawn solely from a consideration of
the necessary order of cooling and consolidation, according to
Bischof’s result as to the relative specific gravities of solid and
of melted rock, are in perfect accordance with § 832...848,
regarding the present condition of the earth’s interior,—that 1t
is not, as commonly supposed, all liquid within a thin solid crust
of from 30 to 100 miles thick, but that it is on the whole more
rigid certainly than a continuous solid globe of glass of the same

diameter, and probably than one of steel.

(E.) ON THE AGE OF THE SUN'S HEAT.

The second great law of Thermodynamics involves a certain
principle of irreversible action tn nature. It 1s thus shown that,
although mechanical energy is indestructible, there 1s a umversal
tendency to its dissipation, which produces gradual augmentation Dissipation
and diffusion of heat, cessation of motion, and exhaustion of of Energy.
potential energy through the material universel. The result
would inevitably be a state of universal rest and death, if the
universe were finite and left to obey existing laws. DBut 1t 18
impossible to conceive a limit to the extent of matter in the
universe; and therefore science points rather to an endless
progress, through an endless space, of action involving the trans-

* Proceedings of the Royal Society of London, 1861, ‘‘On Crystallization
and Liquefaction as influenced by Stresses tending to Change of Form in

Crystals.”
+ From Macmillan’s Magazine, March 1862.
+ See Proceedings R.S.E. Feb. 1852, or Phil. Mag. 1853, first half year, ¢“On

o Universal Tendency in Nature to the Dissipation of Mechanical Energy.”
Math. and Phys. Papers, by Sir W. Thomson, 1882, Art. LIX.
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formation of potential energy into palpable motion and thence
into heat, than to a single finite mechanism, running down like
a clock, and stopping for ever. It is also impossible to conceive
either the beginning or the continuance of hfe, without an
overruling creative power; and, therefore, no conclusions of
dynamical science regarding the future condition of the earth,
can be held to give dispiriting views as to the destiny of the
race of intelligent beings by which it is at present inhabited.
The object proposed in the present article is an application of
these general principles to the discovery of probable limits to
the periods of time, past and future, during which the sun can

be reckoned on as a source of heat and light. The subject will
be discussed under three heads :—

I. The secular cooling of the sun.
II. The present temperature of the sun.
III. The origin and total amount of the sun’s heat.

PART L.

ON THE SECULAR COOLING OF THE SUN.
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that time much within the earth’s distance from the sun, and
must therefore have approached the central body in very gradual
spirals ; because, if enough of matter to produce the supposed
thermal effect fell in from space outside the earth’s orbit, the
length of the year would have been very sensibly shortened by
the additions to the sun’s mass which must have been made.

The quantity of matter annually falling in must, on that insufficient
to gili'a heat
supply,

supposition, have amounted to - of the earth’s mass, or to

—ooooop Of the sun’s; and therefore it would be necessary to

suppose the zodiacal light to amount to at least 5y of the
sun’s mass, to account in the same way for a future supply of
3,000 years’ sun-heat. When these conclusions were first
published it was pointed out that ‘ disturbances in the motions
of visible planets’ should be looked for, as affording us means
for estimating the possible amount of matter in the zodiacal
Jight ; and it was conjectured that 1t could not be nearly enough
to give a supply of 300,000 years’ heat at the present rate.
These anticipations have been to some extent fulfilled in Le
Verrier’s great researches on the motion of the planet Mercury,

" which have recently given evidence of a sensible influence

attributable to matter circulating as a great number of small

planets within his orbit round the sun. But the amount of because the

. . matter in

g‘ﬁh!n‘g of How much the sun is 3(’13“3]1? leed from year to year, -lf ab matter thus indicated is very small; and, therefore, 1f the ﬁﬂmd

sun un- all, we have no means of ascertaining, or scarcely even of estimat- meteoric influx taking place at present is enough to produce gmmﬂ.
ing in the roughest manner. In the first place we do not know any appreciable portion of the heat radiated away, it must be planets is
that he is losing heat at all. For it 1s quite certain that some in smell

supposed to be from matter circulating round the sun, within small

heat is generated in his atmosphere by the influx of meteoric
matter ; and it is possible that the amount of heat so generated
from year to year is sufficient to compensate the loss by radia-
tion. It is, however, also possible that the sun 18 now an incan-
descent liquid mass, radiating away heat, either primitively
created in his substance, or, what seems far more probable,
generated by the falling in of meteors in past times, with no

very short distances of his surface. The density of this meteoric
cloud would have to be supposed so great that comets could
scarcely have escaped, as comets actually have escaped, showing
no discoverable effects of resistance, after passing his surface
within a distance equal to % of his radius. All things con-
sidered, there seems little probability in the hypothesis that
golar radiation is compensated, to any appreciable degree, by

sensible compensation by a continuance of meteoric action. heat generated by meteors falling in, at present; and, as 1t can

Hea$ gene- It has been shown* that, if the former supposition were true, be shown that no chemical theory is te?:lable ¥, it must be con- The sunan
;?ﬁ%te%:: . the meteors by which the sun’s heat would have been produced cluded as most probable that the sun is at present merely an ggmr;t
itothesun — quring the last 2,000 or 3,000 years must have been during all incandescent liquid mass cooling. mass.

: How much he cools from year to year, becomes therefore a
# ¢ On the Mechanical Energies of the Solar System.” Transactions of the

Royal Society of Edinburgh, 1854, and Phil. Mag. 1854, second half-year. Math.

_ * « Mechanical Energies,” &c. referred to above,
and Phys. Papers, by Sir W. Thomson (Art. Lxvi. of Vol. II. now in the press),
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question of very serious import, but it is one which we are at
present quite unable to answer., It is true we have data on
which we might plausibly found a probable estimate, and from
which we might deduce, with at first sight seemingly well
founded confidence, limits, not very wide, within which the
present true rate of the sun’s cooling must lie. For we know,
from the independent but concordant investigations of Herschel
and Pouillet, that the sun radiates every year from his whole
surface about 6 x 10 (six million million million million million)
times a8 much heat as is sufficient to raise the temperature of
11b. of water by 1° Cent. We also have excellent reason for
believing that the sun’s substance is very much like the earth’s.
Stokes’s principles of solar and stellar chemistry have been for
many years explained in the University of Glasgow, and it has
been taught as a first result that sodium does certainly exist in
the sun’s atmosphere, and in the atmospheres of many of the
stars, but that it is not discoverable in others. The recent
application of these principles in the splendid researches of
Bunsen and Kirchhof (who made an independent discovery of
Stokes’s theory) has demonstrated with equal certainty that
there are iron and manganese, and several of our other known
metals, in the sun. The specific heat of each of these substances
is less than the specific heat of water, which indeed exceeds that
of every other known terrestrial body, solid or liquid. It might,
therefore, at first sight seem probable that the mean specific
heat* of the sun’'s whole substance is less, and very certain that
1t cannot be much greater, than that of water. If it were equal
to the specific heat of water we should only have to divide the
preceding number (6 x 10*), derived from Herschel’s and
Pouillet’s observations, by the number of pounds (4:23 x 10*)in
the sun’s mass, to find 1°°4 Cent. for the present annual rate of

* The *specific heat’” of a homogeneous body is the quantity of heat that
a unit of its substance must acquire or must part with, o rise or to fall by 1 in
temperature. The mean specific heat of a heterogeneous mass, or of a mass of
homogeneous substance, under different pressures in different parts, is the
quantity of heat which the whole body takes or gives in rising or in falling
19 in temperature, divided by the number of unifs in its mass. The expression,
‘““mean specific heat” of the sun, in the text, signifies the total amount of heat
actually radiated away from the sun, divided by his mass, during any time in
which the average temperature of his mass sinks by 1°, whatever physical or
chemical changes any part of his substance may experience.
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cooling. It might therefore seem probable that the sun cools
more, and almost certain that he does not cool less, than a centi-
grade degree and four-tenths annually. But, if this estimate
were well founded, it would be equally just to assume that the and small-

ness of ex-
sun’s expansibility * with heat does not differ greatly from that pansibility

of some average terrestrial body. If, for instance, it were the
same as that of solid glass, which is about ;gggg Of bulk,
or —d s of diameter, per 1° Cent. (and for most terrestrial

liquids, especially at high temperatures, the expansibility is
much more), and if the specific heat were the same as that of rendered

. . probable by
liquid water, there would be in 860 years a contraction of one :ESS;%;E of
per cent, on the sun’s diameter, which could scarcely have gontliaution

11 solar

escaped detection by astronomical observation. There 18, how- diameter.
ever, a far stronger reason than this for believing that no such

amount of contraction can have taken place, and therefore for

suspecting that the physical circumstances of the sun’s mass
render the condition of the substances of which it is composed,
as to expansibility and specific heat, very different from that of
the same substances when experimented on in our terrestrial
laboratories., Mutual gravitation between the different parts of
the sun’s contracting mass must do an amount of work, which can-
not be calculated with certainty, only because the law of the sun’s
interior density is not known. The amount of work performed work done

: ‘ . - o in confrac-
during a contraction of one-tenth per cent. of the diameter, 1if tjon of solar

the density remained uniform through the interior, would, as gl;ggeg;yby
Helmholtz showed, be equal to 20,000 times the mechanical glil;ﬁ {‘ﬁgr

equivalent of the amount of heat which Pouillet estimated to ot o
be radiated from the sun in a year. But in reality the sun’s
density must increase very much towards his centre, and pro-
bably in varying proportions, as the temperature becomes lower
and the whole mass contracts. We cannot, therefore, say
whether the work actually done by mutual gravitation during a

contraction of one-tenth per cent. of the diameter, would be

* The * expansibility in volume,” or the ‘ cubical expansibility,” of a body,
ig an expression technically used to denote the proportion which the increase or
diminution of its bulk, accompanying & rise or fall of 1° in iis temperature,
bears to its whole bulk at some stated temperature. The expression, *‘ the sun’s
expansibility,” used in the text, may be taken as signifying the ratio which the
actual contraction, during a lowering of his mean temperature by 1° Cent.,
bears to his present volume, |
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more or less than the equivalent of 20,000 years’ heal; but we
may regard it as most probably not many times more or less
than this amount. Now, it is in the highest degree improbable
that mechanical energy can in any case increase in a body con-
tracting in virtus of cooling. It is certain that it really does
diminish very notably in every case hitherto experimented on.
It must be supposed, therefore, that the sun always radiates
away in heat something more than the Joule-equivalent of the
work done on his contracting mass, by mutual gravitation of its
parts. Hence, in contracting by one-tenth per cent. in his
diameter, or three-tenths per cent. 1n his bulk, the sun must
give out something either more, or not greatly less, than 20,000
years’ heat ; and thus, even without historical evidence as to the
constancy of his diameter, it seems safe to conclude that no such
contraction as that calculated above one per cent. in 860 years
can have taken place in reality. It seems, on the contrary,
probable that, at the present rate of radiation, a contraction of
one-tenth per cent. in the sun’s diameter could not take place in
much less than 20,000 years, and scarcely possible that 1t could
take place in less than 8,600 years. If then, the mean specific
heat of the sun’s mass, in 1ts actual condition, is not more than
ten times that of water, the expansibility in volume must be
less than %5 per 100° Cent., (that is to say, less than - of
that of solid glass,) which seems improbable. But although
from this consideration we are led to regard it as probable that
the sun’s specific heat is considerably more than ten times that
of water (and, therefore, that his mass cools considerably less
than 100° in 700 years, a conclusion which, indeed, we could
scarcely avoid on simply geological grounds), the physical prin-
ciples we now rest on fail to give us any reason for supposing
that the sun’s specific heat is more than 10,000 times that of
water, because we cannot say that his expansibility in volume is
probably more than 3 per 1° Cent. And there is, on other
grounds, very strong reason for believing that the specific heat
is really much less than 10,000. For 1t 1s almost certain that
the sun’s mean temperature* is even now as high as 14,000°

* (Rosetti (Phil, Mag. 1879, 2nd half year) estimates the effective radiational
temperature of the sun as ‘‘not much less than ten thousand degrees Centigrade:”
(99659 is the number expressing the results of his measurements). On the other
hand, C. W. Siemens estimates it at as low as 3000° Cent. The mean tem-
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Cent. ; and the greatest quantity of heat that we can explain,
with any probability, to have been by natural causes ever
acquired by the sun (as we shall see in the third part of this
article), could not have raised his mass at any time to this tem-
perature, unless his specific heat were less than 10,000 times Suns

specific hea
that of water. robably
dor i s - ool
We may thereﬂ_)re constder it as rendered highly probable #1¢ 19,500
that the sun’s specific heat is more than ten times, and less than of water;
10,000 times, that of liquid water. From this it would follow tempera-
with certainty that his temperature sinks 100° Cent. in some Dot 1 o
time from 700 years to 700,000 years. 700,000
years.
PART IL

ON THE SUN’S PRESENT TEMPERATURE.

At his surface the sun’s temperature cannot, as we have
many reasons for believing, be incomparably higher than tem-
peratures attainable artificially in our terrestrial laboratories.

Among other reasons it may be mentioned that the sun gun’s

radiates heat, from every square foot of his surface, at only g,ﬂe;.?r‘ff" :
about 7,000 horse power*. Coal, burning at a rate of a little farasia.
with what

less than a pound per two seconds, would generate the same p,'py
amount ; and it is estimated (Rankine, ¢ Prime Movers,’ p. 285, ;ﬁﬁ‘&ﬁiﬂéﬂf
Ed. 1859) that, in the furnaces of locomotive engines, coal burns

at from one pound in thirty seconds to one pound in ninety
seconds, per square foot of grate-bars. Hence heat is radiated

from the sun at a rate not more than from fifteen to forty-five

times as high as that at which heat is generated on the grate-

bars of a locomotive furnace, per equal areas.

perature of the whole sun’s mass must (Part 11, below) be much higher than the
s« surface temperature,” or * effective radiational temperature.”—W. T. Nov. 9,
1882.] |

* One horse power in mechanics is a technieal expression (following Watt’s
estimate), used to denote a rate of working in which energy is evolved at the
rate of 83,000 foot pounds per minute. This, according to Joule’s defermination
of the dynamical value of heat, would, if spent wholly in heat, be sufficient to
raige the temperature of 232 1bs. of water by 1% Cent. per minnte.

[Note of Nov. 11, 1882. This is sixty-seven times the rate per unit of
radiant surface af which energy is emitted from the incandescent filament of
the Swan electric lamp when at the femperature which gives about 240 candles

per horse power. ]
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The interior temperature of the sun is probably far higher than
that at his surface, because direct conduction can play no sensi-
ble part in the transference of heat between the inner and outer
portions of his mass, and there must in virtue of the prodigious
convective currents due to cooling of the outermost portions by
radiation into space, be an approximate convective equilibrium
of heat throughout the whole, if the whole is fluid. That is to
say, the temperatures, at different distances from the centre,
must be approximately those which any portion of the substance,
if carried from the centre to the surface, would acquire by ex-
pansion without loss or gain of heat.

PART III.
ON THE ORIGIN AND TOTAL AMOUNT OF THE SUN’S HEAT.

The sun being, for reasons referred to above, assumed to be
an incandescent liquid now losing heat, the question naturally
occurs, How did this heat originate ? It is certain that it can-
not have existed in the sun through an infinity of past time,
since, as long as it has so existed, it must have been suffering
dissipation, and the finiteness of the sun precludes the supposi-
tion of an infinite primitive store of heat in his body.

The sun must, therefore, either have been created an active
source of heat at some time of not immeasurable antiquity, by an
over-ruling decree; or the heat which he has already radiated
away, and that which he still possesses, must have been acquired
by a natural process, following permanently established laws.
Without pronouncing the former supposition to be essentially
incredible, we may safely say that it is in the highest degree
improbable, if we can show the latter to be not contradictory to
known physical laws. And we do show this and more, by
merely pointing to certain actions, going on before us at present,
which, if sufficiently abundant at some past time, must have
given the sun heat enough to account for all we know of his
past radiation and present temperature.

It is not necessary at present to enter at length on details
regarding the meteoric theory, which appears to have been first
proposed in a definite form by Mayer, and afterwards indepen-
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dently by Waterston ; or regarding the modified hypothesis of
meteoric vortices, which the writer of the present article showed

to be necessary, in order that the length of the year, as known
for the last 2,000 years, may not have been sensibly disturbed
by the accessions which the sun’s mass must have had during
that period, if the heat radiated away has been always compen-
sated by heat generated by meteoric influx.

For the reasons mentioned in the first part of the present
article, we may now believe that all theories of complete, or
nearly complete, contemporaneous meteoric compensation, must
be rejected ; but we may still hold that—

““ Meteoric aclion....18....not only proved to exwst as a
cause of solar heat, but it is the only one of all concewable causes
which we know to exist from independent evidence®.”

The form of meteoric theory which now seems most proba-
ble, and which was first discussed on true thermodynamic prin-
ciples by Helmholtzt, consists in.supposing the sun and his heat
to have originated in a coalition of smaller bodies, falling to-
gether by mutual gravitation, and generating, as they must do
according to the great law demonstrated by Joule, an exact
equivalent of heat for the motion lost in collision.

That some form of the meteoric theory is certainly the true
and complete-explanation of solar heat can scarcely be doubted,

when the following reasons are considered :

(1)) No other natural explanation, except by chemical action, Chemical

acﬁﬂIIOI} n}: -
» suiicien

can be conceived. "'““t‘,;‘e“‘;'

» - [ ] L nﬂ G'O'r.v

(2) The chemical theory 1s quite insuffictent, because the may easily

. ‘ . explain heat
most energetic chemical action we know, taking place between for 20 mil.

substances amounting to the whole sun’s mass, would only gene- lion years.
rate about 3,000 years’ heat].

(3) There is no difficulty in accounting for 20,000,000 years’
heat by the meteoric theory.

+ «Mechanical Energies of the Solar System,” referred to above.
+ Popular lecture delivered on the 7th February, 1854, at Konigsberg, on the

occasion of the Kant commemorsation.

t ¢ Mechanical Energies of the Solar System.”
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It would extend this article to too great a length, and would
require something of mathematical calculation, to explain fully
the principles on which this last estimate is founded. It is
enough to say that bodies, all much smaller than the sun, fall-
ing together from a state of relative rest, at mutual distances all
large 1n comparison with their diameters, and forming a globe
of uniform density equal in mass and diameter to the sun, would
generate an amount of heat which, accurately calculated accord-
ing to Joule's principles and experimental results, is found to be
just 20,000,000 times Pouillet’s estimate of the annual amount
of solar radiation. The sun’s density must, in all probability,
1ncrease very much towards his centre, and therefore a consider-
ably greater amount of heat than that must be supposed to have
been generated if his whole mass was formed by the coalition of
comparatively small bodies. On the other hand, we do not
know how much heat may have been dissipated by resistance
and minor impacts before the final conglomeration ; but there is
reason to believe that even the most rapid conglomeration that
we can conceive to have probably taken place could only leave
the finished globe with about half the entire heat due to the
amount of potential energy of mutual gravitation exhausted.
We may, therefore, accept, as a lowest estimate for the sun’s
initial heat, 10,000,000 times a year’s supply at present rate,
but 50,000,000 or 100,000,000 as possible, in consequence of
the sun’s greater density in his central parts,

The considerations adduced above, in this paper, regarding
the sun’s possible specific heat, rate of cooling, and superficial
temperature, render it probable that he must have been very
sensibly warmer one million years ago than now; and, conse-
quently, that if he has existed as a luminary for ten or twenty
million years, he must have radiated away considerably more

than ten or twenty million times the present yearly amount
of loss,

1t seems, therefore, on the whole most probable that the sun
has not illuminated the earth for 100,000,000 years, and almost
certain that he has not done so for 500,000,000 years. As for
the future, we may say, with equal certainty, that inhabitants
of the earth cannot continue to enjoy the light and heat essential
to their life, for many million years longer, unless sources now
unknown to us are prepared in the great storehouse of creation.
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(F.)—ON THE SIZE OF ATOMS¥,

The idea of an atom has been so coustantly associated
with incredible assumptions of infinite strength, absolute
rigidity, mystical actions at a distance, and indivisibility, that
chemists and many other reasonable naturalists of modern
times, losing all patience with it, have dismissed it to the realms
of metaphysics, and made it smaller than “anything we can
conceive.” But if atoms are inconceivably small, why are not
all chemical actions infinitely swift ? Chemistry is powerless to
deal with this question, and many others of paramount 1mport-
ance, if barred by the hardness of its fundamental assumptions,
from contemplating the atom as a real portion of matter occupy-
ing a finite space, and forming a not immeasurably small consti-
tuent of any palpable body.

More than thirty years ago naturalists were scared by a wild
proposition of Cauchy’s, that the familiar prismatic colours
proved the “sphere of sensible molecular action” in transparent
liquids and solids to be comparable with the wave-length of
light. The thirty years which have intervened have only con-

Meaning of
sphere of
molecular

action.

firmed that proposition. They have produced a large number of

capable judges ; and it is only incapacity to judge in dynamical
questions that can admit a doubt of the substantial correctness
of Cauchy’s conclusion, But the “ sphere of molecular action”
conveys no very clear idea to the non-mathematical mind. The
idea which it conveys to the mathematical mind is, in my opinion,
irredeemably false. For I have no faith whatever in attractions
and repulsions acting at a distance between centres of force
according to various laws. What Cauchy’s mathematics really
proves is this: that in palpably homogeneous bodies such as
glass or water, contiguous portions are not similar when their
dimensions are moderately small fractions of the wave-length.
Thus in water contiguous cubes, each of one one-thousandth of
a centimetre breadth are sensibly similar. But contiguous cubes
of one ten-millionth of a centimetre must be very sensibly
different. So in a solid mass of brickwork, two adjacent lengths
of 20,000 centimetres each, may contain, one of them nine
hundred and ninety-nine bricks and two half bricks, and the

* Nature, March 1870.

Meaning of

 homo-
geneity.
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other one thousand bricks: thus two contiguous cubes of 20,000
centimetres breadth may be considered as sensibly similar.
But two adjacent lengths of forty centimetres each might
contain one of them, one brick, and two half bricks, and
the other two whole bricks; and contiguous cubes of forty
centimetres would be very sensibly dissimilar. In short, optical
dynamics leaves no alternative but to admit that the diameter

L
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this position to be reached, is equal to that of a constant force of
two grammes weight acting through a space of a hundred-
thousandth of a centimetre; that is to say, to two hundred-
thousandths of a centimetre-gramme. Now let a second plate
of zine be brought by a similar process to the other side of the
plate of copper; a second plate of copper to the remote side of

~this second plate of zine, and so on till a pile is formed consisting Work done
' 1
of 50,001 plates of zinc and 50,000 plates of copper, separated p'he“é'?‘ giné

and copper

by 100,000 spaces, each plate and each space one hundred- plates.

of a molecule, or the distance from the centre of a molecule to
the centre of a contiguous molecule in glass, water, or any other

of our transparent liquids and solids, exceeds a ten-thousandth
of the wave-length, or a two-hundred-millionth of a centimetre.

thousandth of a centimetre thick. The whole work done by
electric attraction in the formation of this pile is two centimetre-

goegmty By experiments on the contact electricity of metals made in grammes.
of metals. the year 1862, and described in a letter to Dr Joule*, which was The whole mass of metal is eight grammes. Hence the

published 1n the proceedings of the Literary and Philosophical amount of work is a quarter of a centimetre-gramme per gramme

Society of Manchester [Jan. 1862], I found that plates of zinc of metal. Now 4,030 centimetre-grammes of work, according

and copper connected with one another by a fine wire attract to Joule’s dynamical equivalent of heat, is the amount required

one another, as would similar pieces of one metal connected with to warm a gramme of zinc or copper by one degree Centigrade.

the two plates of a galvanic element, having about three-quarters Hence the work done by the electric attraction could warm the

of the electro-motive force of a Daniel’s element. substance by only 1+ of a degree. But now let the thickness of
Energy of Measurements published in the Proceedings of the Royal each piece of metal and of each intervening space be a hundred- The heat of
:”?t..‘;'c‘fim Society for 1860 showed that the attraction between parallel millionth of a centimetre instead of a hundred thousandth. The {%ﬁbgf“:{m
hf:'té:e,ﬁ plates of one metal held at a distance apart small in comparison - work would be increased a million-fold ‘1111933_ a hundred-millionth :;,’2:;"; at
nfgti‘ﬁ“ifl with their diameters, and kept connected with such a galvanic ‘of a centimetre approaches the smallness of a molecule. The ffr%mfﬁm
gﬁ’lw element, would experience an attraction amounting to two ten- heat equivalent would therefore be enough to raise the tempera- gglfﬂ;;_

ture of the material by 62° This is barely, if at all, admissible, ta:i‘liﬂ‘;?"'

according to our present knowledge, or, rather, want of know- more than
© ix 107% cm

ledge, regarding the heat of combination of zinc and copper, In diameter.

thousand-millionths of a gramme weight per area of the opposed
surfaces equal to the square of the distance between them. Let
a plate of zinc and a plate of copper, each a centimetre square

and a hundred-thousandth of a centimetre thick, be placed with
a corner of each touching a metal globe of a hundred-thousandth
of a centimetre diameter. Let the plates, kept thus in metallic
communication with one another be at first wide apart, except
at the corners touching the little globe, and let them then be
gradually turned round till they are parallel and at a distance of
a hundred-thousandth of a centimetre asunder. In this position
they will attract one another with a force equal 1n ull to two
grammes weight. By abstract dynamics and the theory of
energy, it is readily proved that the work done by the changing
force of attraction during the motion by which we have supposed

* Now published as Art. xxi1. in a ‘‘ Reprint of Papers on Electrostatics and

Magnetism ” by Sir William Thomson. New edition, 1883.]

But suppose the metal plates and intervening spaces to be made
yet four times thinner, that is to say, the thickness of each to

be a four hundred-millionth of a centimetre.. The work and its
heat equivalent will be increased sixteen-fold, It would there-

- fore be 990 times as much as that required to warm the mass

by I° cent., which is very much more than can possibly be pro-
duced by zinc and copper in entering into molecular combination.
Were there in reality anything like so mugh heat of combination
as this, a mixture of zinc and copper powders would, if melted
in any one spot, run together, generating more than heat
enough to melt each throughout, just as a large quantity of
gunpowder if ignited in any one spot burns throughout without
fresh application of heat. Hence plates of zine and copper of a

VOL. 1L 32
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three hundred-millionth of a centimetre thick, placed close
together alternately, form a near approximation to a chemical

combination, if indeed such thin plates could be made without
splitting atoms.

The theory of capillary attraction shows that when a bubble—
a soap-bubble for instance—is blown larger and larger, work is
done by the stretching of a film which resists extension as if 1t
were an elastic membrane with a constant contractile force.
This contractile force is to be reckoned as a certain number of
units of force per unit of breadth. Observation of the ascent of
water in capillary tubes shows that the contractile force of a
thin film of water is about sixteen milligrammes weight per
millimetre of breadth. Hence the work done in stretching a
water film to any degree of thinness, reckoned in millimetre-
milligrammes, is equal to sixteen times the number of square
millimetres by which the area is augmented, provided the film
is not made so thin that there is any sensible diminution of its
contractile force, In an article ¢ On the Thermal effect of draw-
ing out a Film of Liquid,” published in the Proceedings of the
Royal Society for April 1858, I have proved from the second
law of thermodynamics that about half as much more energy, in
the shape of heat, must be given to the film to prevent it from
sinking in temperature while it is being drawn out. Hence the
intrinsic energy of a mass of water in the shape of a film kept
at constant temperature increases by twenty-four milligramme-
millimetres for every square millimetre added to 1ts area.

Suppose then a film to be given with a thickness of a milh-
metre, and suppose its area to be augmented ten thousand
and one fold: the work done per square millimetre of the
original film, that is to say per milligramme of the mass
would be 240,000 millimetre-milligrammes. The heat equivalent
of this is more than half a degree centigrade of elevation of
temperature of the substance. The thickness to which the film
is reduced on this supposition is very approximately a ten-
thousandth of millimetre. The commonest observation on the
soap-bubble (which in contractile force differs no doubt wery

little from pure water) shows that there is no sensible diminu-
tion of contractile force by reduction of the thickness to the ten-
thousandth of a millimetre ; inasmuch as the thickness which

F.]
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gives the first maximum brightness round the black spot seen
where the bubble is thinnest, is only about an eight-thousandth
of a millimetre.

The very moderate amount of work shown in the preceding
estimates is quite consistent with this deduction. But suppose
now the film to be farther stretched until its thickness 1s reduced
to a twenty-millionth of a millimetre. The work spent in doing
this is two-thousand times more than that which we have just
calculated. The heat equivalent is 1,130 times the quantity
required to raise the temperature of the liquid by one degree
centigrade. This is far more than we can admit as a possible
amount of work done in the extension of a liquid film. A
smaller amount of work spent on the liquid would convert 1t
into vapour at ordinary atmospheric pressure. The conclusion
is unavoidable, that a water-film falls off greatly in its contrac- Surface

tension falls
tile force before it is reduced to a thickness of a twenty-millionth ratichy Itlbefore

the
of a millimetre. It is scarcely possible, upon any conceivable reduced to
$x10"%cm.,
molecular theory, that there can be any considerable falling off $d thoro
. areprobably
in the contractile force as long as there are several molecules in few mole-

the thickness. It is therefore probable that there are not several Cichnee

molecules in a thickness of a twenty-millionth of a millimetre

of water.

The kinetic theory of gases suggested a hundred years ago Elgegcof
by Daniel Bernoulli has, during the last quarter of a century, gases.
been worked out by Herapath, Joule, Clausius, and Maxwell, to
s0 great perfection that we now find in it satisfactory explana-
tions of all non-chemical properties of gases. However difficult Meaning of

L : lecule,
it may be to even imagine what kind of thing the molecule is, free path

we may regard it as an established truth of science that a gas on

consists of moving molecules disturbed from rectilinear paths

and constant velocities by collisions or mutual influences, so

rare that the mean length of nearly rectilinear portions of

the path of each molecule is many times greater than the

average distance from the centre of each molecule to the centre

of the molecule nearest it at any time, If, for a moment, we

suppose the molecules to be hard elastic globes all of one size,

influencing one another only through actual contact, we have

for each molecule simply a zigzag path composed of rectilinear Average
ngth of

portions, with abrupt changes of direction.

On this supposltmn free path
estimated
Clausius proves, by a simple application of the calculus of nro- by Clansius.
32—
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babilities, that the average length of the free path of a particle

from collision to collision bears to the diameter of each globe,

the ratio of the whole space in which the globes move, to eight
times the sum of the volumes of the globes. It follows that

~the number of the globes in unit volume is equal to the square

of this ratio divided by the volume of a sphere whose radius
1s equal to that average length of free path. But we cannot
beheve that the individual molecules of gases in general, or even
of any one gas, are hard elastic globes. Any two of the moving
particles or molecules must act upon one another somehow, so
that when they pass very near one another they shall produce
considerable deflexion of the path and change in the velocity of
each. This mutual action (called force) is different at different
distances, and must vary, according to variations of the distance
so as to fulfil some definite law. If the particles were hard
elastic globes acting upon one another only by contact, the law
of force would be—zero force when the distance from centre to
centre exceeds the sum of the radii, and infinite repulsion for
any distance less than the sum of the radii. This hypothesis,
with its “ hard and fast” demarcation between no force and in-
finite force, seems to require mitigation, Without entering on
the theory of vortex atoms at present, I may at least say that
soft elastic solids, not necessarily globular, are more promising
than infinitely hard elastic globes. And, bappily, we are not
lett merely to our fancy as to what we are to accept as probable
1n respect to the law of force, If the particles were hard elastic
globes the average time from collision to collision would be in-
Versely as the average velocity of the particles. But Maxwell’s

experiments on the variation of the visccsities of gases with
change of temperature prove that the mean time from collision
to collision is independent of the velocity if we give the name
collision to those mutual actions only which produce something
more than a certain specified degree of deflection of the line of

motion. This law could be fulfilled by soft elastic particles

(globular or not globular); but, as we have seen, not by hard
elastic globes. Such details, however, are beyond the scope of
our present argument. What we want now are rough approxi-

- mations to absolute values, whether of time or space or mass—

not delicate differential results. From Joule, Maxwell, and

Clausius we know that the average velocity of the molecules of

THE SIZE OF ATOMS. 5Q1L

oxygen or nitrocen or common air, at ordinary atmospheric Kinetic .
° theoty of

temperature and pressure, is about 50,000 centimetres per gases.
second, and the average time from collision to collision a five- -
thousand-millionth of a second. Hence the average length of :f}_ggrggfh
path. of each molecule between collisions is about vyrlsoy Of a 107°cm.

centimetre. Now, having left the idea of hard globes, according

to which the dimensions of a molecule and the distinetion

between collision and no collision are perfectly sharp, some-

“thing of circumlocution must take the place of these simple

terms.

First, 1t is to be remarked that two molecules in collision will Meaning of
exercise a mutual repulsion in virtue of which the distance and dia-

between their centres, after being diminished to a minimum, molecule.
will begin to increase as the molecules leave one another. This
minimum distance would be equal to the sum of the fadii, if the

molecules were infinitely hard elastic sphere*s ; but in reality we

must suppose it to be very different in dlﬂ’erent collisions,

Considering only the case of equal molecules we might, then,
define the radius of a molecule as half the average shortest
distance reached in a vast number of colhswns . The definition

I adopt for the present is not precisely this, but is chosen so as
to make as simple as possible the statement I have to make of a
combination of the results of Clausius and Maxwell. Having
defined the radius of a gaseous molecule, I call the double of -
the radius the diameter ; and the volume of a globe of the same
radius or diameter I call the volume of the molecule.

The experiments of Cagniard de la Tour, Faraday, Regnault,
and Andrews, on the condensation of gases do not allow us to
believe that any of the ordinary gases could be made forty thou-
sand times denser than at’ordinary atmosphere pressure and

temperature, without reducing the whole volume to something
less than the sum of the volume of the gaseous molecules, as now

defined. Hence, according to the grand theorem of Clausius Freo path

quoted above, the average length of path from collision to mioro than
collision cannot be more than five thousand timmes the diameter giameter of

of the gaseous molecule ; and the number of molecules in unit mOecnle:
of volume cannot exceed 25,000,000 divided by the volume of a
globe whose radius is that average length of path. - Taking now
the preceding estimate, vpprgy Of & centimetre, for the average
length of path from collision to collision we conclude that the
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Illustration
of size of
molecules.

. 1 .
be estimated at from 3750500000 '© Teo0oo00g ©f & centi-

metre.

The four lines of argument which I have now indicated,
lead all to substantially the same estimate of the dimensions of
molecular structure. Jointly they establish with what we can-
not but regard as a very high degree of probability the conclu-
sion that, in any ordinary liquid, transparent solid, or seemingly
opaque solid, the mean distance between the centres of contigu-
ous molecules is less than the hundred-millionth, and greater
than the two thousand-millionth of a centimetre¥.

To form some conception of the degree of coarse-grainedness
indicated by this conclusion, imagine a rain drop, or a globe of
glass as large as a pea, to be magnified up to the size of the
earth, each constituent molecule being magnified in the same
proportion. The magnified structure would be more coarse
grained than a heap of small shot, but probably less coarse
grained than a heap of cricket-balls.

* T find that M. Loschmidt had preceded me in the fourth of the preceding
methods of estimating the size of atoms [Sitzungsberichte of the Vienna Acad.,
12 Oct., 1865, p. 395]. He finds the diameter of a molecule of common air to
be about a ten-millionth of a centimetre. M. Lippmann has also given a
remarkably interesting and original investigation relating to the size of atoms
Comptes Rendus, Oct. 16th, 1882, basing his argument on the variations of
capillarity under electrification. He finds that the thickness of the double
eleotric layer, according to Helmholtz's theory, is about a 35.millionth of a

centimetre. W. T., Dec. 13, 1882,
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and dia- diameter of the gaseous molecule cannot be less than 353 p;o,onﬁ (G.)—ON TipaL FrictioN, by G. H. DArwiNn, F.R.S.
cannot be of a centimetre ; nor the number of molecules in a cubic centi- _ '
less than metre of the gas (at ordinary density) greater than 6 x 10" (or (a.) The retardation of the earth’s rotation, as deduced from
six thousand million million million). the secular acceleration of the Moon’s mean motion.

The densities of known liquids and solids are from five In my paper on the precession of a viscous spheroid [Phil. gfegaarrgf’iim
hundred to sixteen thousand times that of atmospheric air Trams. Pt. 1L, 1879, or Scientific Papers, Vol. 1. p. 36], all Neauon.
at ordinary pressure and temperature; and, therefore, the the data are given which are requisite for making the calcu- estimates.

~ Average number of molecules in a cubic centimetre may be from 3 x 10 lations for Professor Adams’ result in §830, viz.: that if
e 7o to 10® (that is, from three million million million million to a there is an unexplained part in the coefficient of the secular
to centre of hundred million million million million). From this (if we acceleration of the moon’s mean motion amounting to 6”, and
ilﬂl;oi]aigﬂand assume for a moment a cubic arrangement of molecules), the if this be due tc.r tidal friction, then in a century the earth gets
Dl d distance from centre to nearest centre in solids and liquids may 22 seconds behind time, when compared with an ideal clock,
2x1079 cm. 1 going perfectly for a century, and perfectly rated at the

beginning of the century. In the paper referred to however
the earth 18 treated as homogeneous, and the tides are supposed
to consist in a bodily deformation of the mass. The numerical
results there given require some modification on this account.

It E, &', E” be the heights of the semidiurnal, diurnal and
fortnightly tides, expressed as fractions of the equilibrium tides
of the same denominations; and if ¢, €, ¢’ be the corresponding
retardations of phase of these tides due to friction ; it is shown
on p. 476 [Seientific Papers, Vol. 11. p. 68] and in equation (48),

that In consequence of lunar and solar tides, at the end of a

century, the earth, as a time-keeper, is behind the time indicated
by the ideal perfect clock.

1900-27 Z sin 2¢ + 42349 £’ sin € seconds of time ...... (),

and that if the motion of the moon were unaffected by the
tides, an observer, taking the earth as his clock, would note that
at the end of the century the moon was in advance of her place
in her orbit by

1043”28 E sin 2e+ 232”50 ' SN € vvvvvereeereeeaeeenernn. (B).

This is of course merely the expression of the same fact as (a), in

a different form.

Lastly it is shown in equation (60) that from these causes in a
century, the moon actually lags behind her place

63077 £ sin 2¢ + 108”6 £'sin € —77-042 E” sin 2€"........ (¢).

In adapting these results to the hypothesis of oceanic tides on a
heterogeneous earth, we observe in the first place that, if the
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fluid tides are inverted, that is to say if for example it is low
water under the moon; then friction advances the fluid tides*,
and therefore in that case the ¢'s"are to be interpreted as
advancements of phase; and secondly that the Z£’s are to be
multiplied by -%, which is the ratio of the density of water
to the mean density of the earth. Next the earth’s moment of
inertia (as we learn from col. vii. of the table in § 824) is about

" 83 of its amount on the hypothesis of homogeneity, and there-

fore the results (a) and (b) have both to be multiplied by 1/-83
or 1'2; the result (¢) remains unaffected except as to the factor 2.

Thus subtracting (¢) from (b) as amended, we find that to an
observer, taking the earth as a true time-keeper, the moon is, at
the end of the century, in advance of her place by

2 {(1'2 x 1043”28 — 630”7) E sin 2¢
+ (12 x 2327-50 -108"-6) £ sin € + 77°042 £ sin 2¢"},
which is equal to '
21621724 Esin 2¢ + 170”40 E' sin ¢ + 7"-04 E” sin 2¢"}...(d)
and from (a) as amended that the earth, as a time-keeper, 1s

behind the time indicated by the ideal clock, perfectly rated at
the beginning of the century, by

2 $2280°32 £ sin 2¢+ 508-19 £’ sin €'} seconds of time RN ()}

Now if we suppose that the tides have their equilibrium height,
so that the E’s are each unity ; and that ¢ is one half of ¢ (which
must roughly correspond to the state of the case), and that €” is
insensible, and e small, (d) becomes

2 {621724 + 3 x 170740} ecnnnnnninnninni (f)

and (e) becomes
4 {2280-32 + } x 508°19} € seconds of time ...............(g).

11 (f) were equal to 17, then (g) would clearly be

2@3223: i : ij?g—ig seconds of time ........ccevunvnennnn ().

The second term, both in the numerator and denominator of (%),
‘depends on the diurnal tide, which only exists when the ecliptic

* That this is true may be seen from -considerations of energy. If it were
approximately low water under the moon, the earth’s rotation would be acce-
lerated by tidal friction, if the tides of short period lagged; and this would
violate the principles of energy.
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is oblique. Now Adams’ result was obtained on the hypothesis
that the obliquity of the ecliptic was nil, therefore according to
his assumption, 1” in the coefficient of lunar acceleration means
that the earth, as compared with a perfect clock rated at the
beginning of the century, is behind time S
228032
62124

= 3% seconds at the end of a century.

Accordingly 67 in the coefficient gives 22 secs. at the end of a
century, which is his result given in § 830. If however we
include the obliquity of the ecliptic and the diurnal tide, we
find that 17 in the coefficient means that the earth, as compared
with the perfect clock, is behind time

2407-37
663-80

T-im_s taking Hansen’s 12”756 with Delaunay’s 6”:1, we have the
earth behind 646 x 3-6274 =234 sec., and taking Newcomb’s
8”:4 with Delaunay’s 6”1, we have the earth behind 2-3 x 3-6274

= 83 sec.

= 36274 seconds at the end of a century.

It is worthy of notice that this result would be oniy very

~slichtly vitiated by the incorrectness of the hypothesis made

above as to the values of the Z’s and €’s; for % sin 2e occurs
in the important term both in the numerator and denominator
of the result for the earth’s defect as a time-keeper, and thus
the hypothesis only enters in determining the part played by
the diurnal tide. Hence the result is not sensibly affected by
some inexactuness in this hypothesis, nor by the fact that the
oceans in reality only cover a portion of the earth’s surface.

(b.) The Determination of the Secular Effects of Tidal Fric-
tion by a Graphical Method. (Portion of a paper published

in the Proc. Roy. Soc. No. 197, 1879 [or Scientific Papers,
Vol. 11. p. 195), but with alterations and additions.)

Suppose an attractive particle or satellite of mass m to be

moving in a circular orbit, with an angular velocity 2, round a
plunet of mass M, and suppose the planet to be rotating about an

“axis perpendicular to the plane of the orbit, with: an angular

velocity »; suppose, also, the mass of the planet to be partially

~ or wholly imperfectly elastic or viscous, or that there are oceans

Adams’
result,

Other
results.

Gieneral
problem. of
tidal
friction.
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on the surface of the planet; then the attraction of the satellite
must produce a relative motion in the parts of the planet, and
that motion must be subject to friction, or, in other words, there
must be frictional tides of some sort or other. The system must
accordingly be losing energy by friction, and its configuration
must change in such a way that its whole energy diminishes.

Such a system does not differ much from those of actual
planets and satellites, and, therefore, the results deduced in this
hypothetical case must agree pretty closely with the actual course
of evolution, provided that time enough has been and will be
given for such changes.

Let C be the moment of inertia of the planet about its axis of
rotation ;

r the distance of the satellite from the centre of the planet;

% the resultant moment of momentum of the whole system ;
¢ the whole energy, both kinetic and potential of the system.

It will be supposed that the figure of the planet and the dis-
tribution of its internal density are such that the attraction of

the satellite causes no couple about any axis perpendicular to
that of rotation.

I shall now adopt a special system of units of mass, length,
and time such that the analytical results are reduced to their
simplest forms,

Let the unit of mass be Mm/(M + m).

Let the unit of length y be such a distance, that the moment
of inertia of the planet about its axis of rotation may be equal to
the moment of inertia of the planet and satellite, treated as par-
ticles, about their centre of inertia, when distant y apart from
one another. This condition gives

(L) om (75,0

M+m M+m
C (M +m))d

h ——— e e —— e o
wience Y { Hm } .

~ Let the unit of time 7 be the time in which the satellite revolves

through 57°-3 about the planet, when the satellite’s radius vector
18 equal to y. In this case 1/r is the satellite’s orbita! angular

g 2 ]
i M T ) Q”+%m( Mr 0'=1 Mm—r’ﬂ":%# [”E.
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velocity, and by the law of periodic times we have
v = p (M +m)

where u 18 the attraction between unit masses at unit distancs,
Then by substitution for y

B {g'“ (M + m)_}%
T My S
This system of units will be found to make the three following

functions each equal to unity, viz. u2Mm (M + m)~%, pMm, and C.
The units are in fact derived from the consideration that these
functions are each to be unity.

In the case of the earth and moon, if we take the moon’s mass Numerieal

: . alues of
as nd of the earth’s, and the earth’s moment of inertia as {heunitsfor

3 Mo’ [see § 824], it may easily be shown that the unit of mass earth and
is % of the earth’s mass, the unit of length is 5:26 earth’s radii

or 33,606 kilometres, and the unit of time 1s 2 hrs. 41 minutes.

In these units the present angular velocity of the earth’s
diurnal rotation 1s expressed by ‘7044, and the moon’s present

radius vector by 11:454.

The two bodies being supposed to revolve in circles about yoment of

- ¢ . - - - t
their commen centre of inertia with an angular velocity £, the znd energy

moment of momentum of orbital motion is of system.

mr \? Mr \? Mm
M(M+m) Q+m(ﬂ{+¢fa) Q_'ﬂ[+’a'r.r,%“ﬂ'

Then, by the law of periodic times, in a circular orbit,
Q7 =p (M + m)
whence Qr°=pu} (M + 'm)é 2,

And the moment of momentum of orbital motion
=p? Mm (M +m) ™},
and in the special units this is equal to rd,

The moment of momentum of the planet’s rotation is Cn, and
C =1, in the special units,
Therefore B+ 18 oo (1)

Again, the kinetic energy of orbital motion is

M+m M+m M+ m
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The kinetic energy of the planet’s rotation is $C'n’.
The potential energy of the system is — uMm/r.

Adding the three energies together, and transforming into the
special units, we have

Since the moon’s present radius vector is 11-454, it follows
that the orbital momentum of the moon is 3:384. Addipg to
this the rotational momentum of the earth which is ‘704, we
obtain 4088 for the total moment of momentum of the moon
and earth. The ratio of the orbital to the rotational momentum
is 4-80, so that the total moment of momentum of the system
would, but for the obliquity of the ecliptic, be 580 times that
of the earth’s rotation. In § 276, where the obliquity is taken

into consideration, the number is given as 538,

Now let =13, y=n, Y =2e,

Tt will be noticed that x, the moment of momentum of orbital
motion, is equal to the square root of the satellite’s distance from

the planet.
Then the equations (1) and (2) become
Ch=y e PO (3).
Yz-yz 1 -;(k—a:)ﬂl—i e ()
o pecRRIRITPTRRIIERLE :

(3) is the equation of conservation of moment of momentum, or
shortly, the equation of momentum ; (4) is the equation of energy.

Now, consider a system started with given positive (or say
clockwise *) moment of momentum 4 ; we have all sorts of ways
in which it may be started. If the two rotations be of opposite
kinds, it is clear that we may start the system with any amount
of energy however great, but the true maxima and minima of
energy compatible with the given moment of momentum are
given by dY/dx =0,

1
or {B—;J"l-;a:(),
that is to say, 2 BB 1 =0 oo (5)

* This is contrary to the ordinary convention, but I leave this passage as it
stood originally. |
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We shall presently see that this quartic has elther two real
roots and two imaginary, or all imaginary roots™.

This quartic may be derived from quite a different con-
sideration, viz., by finding the condition under which the
satellite may move round the planet, so that the planet shall
always show the same face to the satellite, in fact, so that they
move as party of one rigid body.

The condition is simply that the satellite’s orbital angular In these
configura-

velocity 2 =n the planet's angular velocity of rotation ; or since tions the
n =y and rf =0 3 =z, therefore y = 1/a’. movea
By substituting this value of  in the equation of momentum e tod

with the
(3), we gEt as before _ : planet.

2R+ 1 =0 cereiiieienns ceeersnnennr(B).

In my paper on the ‘ Precession of a Viscous Spheroid +,” 1
obtained the quartic equation from this last point of view
only, and considered analytically and numerically its bearings
on the history of the earth.

Sir William Thomson, having read the paper, told me that he
thought that much light might be thrown on the general physical
meaning of the equation, by a comparison of the equation of
conservation of moment of momentum with the energy of the

~ gystem for various configurations, and he suggested the appro-
priateness of geometrical illustration for the purpose of this
comparison, The method which 1s worked out below 1s the
result of the suggestions given me by him in_conversation,

The simplicity with which complicated mechanical interactions
may be thus traced out geometrically to their results appears
truly remarkable.

At present we have only obtained one result, viz.: that if with
given moment of momentum it is possible to set the satellite and
planet moving as a rigid body, then it is possible to do so in two
ways, and one of these ways requires a maximum amount of
energy and the other a minimum ; from which it is clear that one
must be a rapid rotation with the satellite near the planet, and
the other a slow one with the satellite remote from the planet.

* T have elsewhere shown that when it has real roots, one'is greater and the
other less than §h. Proc. Roy. Soc. No. 202, 1880, [or Scientific Papers, Vol. 1L
p. 390. G. H. D.} .

+ Trans. Roy. Soc. Part 1. 1879, [or Scientific Papers, Vol. 1. p. 36.
G. H. D.]
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Now, consider the three equations,

Y TR ¥ J RN ceereresensas(0),
Y=(h - x)“—;}; ............ eeen e (7),
:Uay:l ................................. (8).

(6) is the equation of momentum ; (7) that of energy; and (8)
we may call the equation of rigidity, since it indicates that the
two bodies move as though parts of one rigid body.

Now, if we wish to illustrate these equations geometrically,
we may take as abscissa @, which is the moment of momentum
of orbital motion; so that the axis of  may be called the axis

of orbital momentum. Also, for equations (6) and (8) we may
take as ordinate y, which is the moment of momentum of the
planet’s rotation ; so that the axis of y may be called the axis
of rotational momentum. For (7) we may take as ordinate ¥,
which is twice the energy of the system; so that the axis
of ¥ may be called the axis of energy. Then, as it will be
convenient to exhibit all three curves in the same figure, with
a parallel axis of x, we must have the axis of energy identical
with that of rotational momentum.

It will not be necessary to consider the case where the
resultant moment of momentum % is negative, because this
would only be equivalent to reversing all the rotations; thus
h is to be taken as essentially positive,

Then the line of momentum, whose equation is (6), 18 &
straight line inclined at 45° to either axis, having positive inter-
cepts on both axes,

The curve of rigidity, whose equation is (8), is clearly of

the same nature as a rectangular hyperbola, but having a
much more rapid rate of approach to the axis of orbital mo-
mentum than to that of rotational momentum.

The intersections (if any) of the curve of rigidity with the
line of momentum have abscisse which are the two roots
of the quartic 2*—Ax*+1=0. The quartic has, therefore,
two real roots or all imaginary roots. Then, since z= N
the intersection which is more remote from the origin, indicates
a conficuration where the satellite is remote from the planet;
the other gives the configuration where the satellite is closer
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to the planet. We have already learnt that these two cor-
respond respectively to minimum and maximum energy.

When 2 is very large, the equation to the curve of energy
is Y=(h—-x)*, which is the equation to a parabola, with a
vertical axis parallel to Y and distant A2 from the origin, so
that the axis of the parabola passes through the intersection
of the line of momentum with the axis of orbital momentum,

When « is very small the equation becomes ¥ = —~ 1/a?

Fig, 1,
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Hence, the axis of Y is asymptotic on both sides to the curve
of energy.

Then, if the line of momentum intersects the curve of
rigidity, the curve of energy has a maximum vertically under-
neath the point of intersection nearer the origin, and a minimum
underneath the point more remote. But if there are no inter-
sections, it has no maximum or minimum.

It is not easy to exhibit these curves well if they are drawn
to scale, without making a figure larger than it would be

Graphical
Eolu*tmn.
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Gmphiml | ' » L] - L '
Graphic . | cqnvement to print, and accordingly fig. 1 gives them as drawn Graphical
+ with tl'le' free hand. As the zero of energy is quite arbitrary, solution.
2 the origin for the energy curve is displaced downwards, and
o2 | | this prevents the two curves from crossing one another in
. SN a confusing manner, The same remark applies also to figs.
S 2, ) 2 and 3. |
= 2, .
o ~Fig. 1 is erroneous principally in that the curve of rigidity
5 : :
- ought to approach its horizontal asymptote much more rapidly,
: so that it would be difficult in a drawing to scale to distinguish
. the points of intersection B and D.
o -~ . ey
2 N . Fig, 2 exhibits the same curves, but drawn to scale, and
2 a3 designed to be applicable to the case of the earth and moon,
2 Ol = that is to say, when % = 4 nearly.
a b
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Fig. 3.

¥ig. 3 shows the curves when %A=1, and when the line of
momentum does not intersect the curve of rigidity ; and here
there is no maximum or minimum in the curve of energy.

These figures exhibit all the possible methods in which the
bodies may move with given moment of momentum, and they
differ in the fact that in figs. 1 and 2 the quartic (5) has
real roots, but in the case of fig, 3 this is not so. Every point
of the line of momentum gives by its abscissa and ordinate

the square root of the satellite’s distance and the rotation of
VOL. 1I. 33

Fig, 2.
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Eoﬂ%%iﬁ,ﬂ' Tthe- .;plgnet, and- the ordinate .of the energy curve gives the Now yx® is equal to 2°(hA—x), and this is a maximum when Ef;?{,’;;‘ﬁ
energy corresponding to each distance of the satellite. x=32h and the maximum number of days in the month is daysin the
Parts of these figures have no physical meaning, for it is (3h)" (h— Zh) or 3°A*/4*; if h is equal to 4, as is nearly the case month
impossible for the satellite to move round the planet at a for the earth and moon, this becomes 21.
distance which is less than the sum of the radii of the planet Hence it follows that we now have very nearly the maximum
and satellite. Accordingly in fig. 1 a strip is marked off and number of days in the month. - A more accurate investigation
shaded on each side of the vertical axis, within. which the figure in my paper on the ‘“Precession of a Viscous Spheroid,” showed
has no physical meaning. ~ that taking account of solar tidal friction and of the obliquity
Since the moon’s diameter is about 2,200 miles, and the to the ecliptic the maximum number of days is about 29, and
earth’s about 8,000, therefore the moon’s distance cannot be that we have already passed through the phase of maximum.
less than 5,100 miles; and in fig. 2, which is intended to apply We will now consider the physical mea,mng of the severa.l
to- the earth and moon and is drawn to scale, the base of the parts of the figures. o
strip 18 only shaded, so as not to render the figure confused. It will be supposed that the resultant moment of momentum
The point £ in fig. 2-indicates the present configuration of of the whole system corresponds to a clockwise rotation.
the earth and moon. Now imagine two points with the same abscissa, one on the
The curve of rigidity «®» =1 is the same for all values of momentum line and the other on the energy curve, and suppose
h, and by moving the line of momentum parallel to itself nearer the one on the energy curve to guide that on the momentum line.
or further from the origin, we may represent all possible Then since we are supposing frictional tides to be raised on
moments of momentum of the whole system. the planet, therefore the energy must degrade, and however the
Critical . The fs.ma,llest amount of moment- of mom e.ntium with wThich it two points are set initially, the point on the energy curve must
moment of 1s possible to set the system moving as a rigid body, with cen- always slide down a slope carrying with it.the other point.

triftugal force enough to balance the mutual attraction, is when
the line of momentum touches the curve of rigidity. The con-
dition for this is clearly that the equation z*~/iaz’+1=0

Now looking at fig. 1 or 2, we see that there are four slopes Various
in the energy curve, two running down to the planet, and tWo degradation

others which run down to the minimum, In fig. 3 on the other &%‘;‘1
circum-

should have equal roots. If it has equal roots, each root must
be £/, and therefore

(3h)* — h(3R)® + 1 = 0,
whence A* =443 or % = 4/31 = 1-75.

The actual value of 4 for the moon and earth is about 4, and
hence if the moon-earth system were started with less than % of
its actual moment of momentum, it would not be possible for
the two bodies to move so that the earth should always show
tho same face to the moon,

Again if we travel along the line of momentum there must be
gome point for which ya® is a maximum, and since yz'=n/Q
there must be some point for which the number of planetary
rotations is greatest during one revolution of the satellite, or
shortly there must be some configuration for which there 1s a
maximum number of days in the month.

hand there are only two slopes, both of which run down to the
planet.

Tn the first case there are four wﬁys in which the system may
degrade, according to the way it was started; in the second only

two ways.

i. Then in fig. 1, for all points of the line of momentum
from C through E to infinity,  is negative and y is positive;
therefore this indicates an anti-clockwise revolution of the satel-
lite, and a clockwise rotation of the planet, but the moment of
momentum of planetary rotation is greater than that of the orbital
motion. The corresponding part of the curve of energy slopes
uniformly down, hence however the system be started, for this
part of the line of momentum, the satellite must approach the
planet, and will fall into it when its distance is given by the
point 4.

38—2

stances.
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Various ii. For all points of the line of momentum from D through to say, moving rapidly round a planet, which always shows the
ﬁggo“fﬂddzgiﬁn 'F to infinity, « is positive and Y 1s negative ; therefore the same face to the satellite, the condition is clearly dynamically
b0 initl motion of the satellite is clockwise, and that of the planetary unstable, for the least disturbance will determine whether the
atances. rotation anti-clockwise, but the moment of momentum of the system shall degrade down the slopes ac or ab, that is to say,
orbital motion .is greater than that of the planetary rotation. whether it falls into or recedes from the planet, If the equlli- Compare
The corresponding part of the energy curve slopes down to the brium breaks down by the satellite receding, the recession will 718" {g).
minimum b, Hence the satellite must approach the planet until go on until the system has reached the state corresponding to B.
it reaches a certain distance where the two will move round as a : : :
rigid body. It will be noticed that as the system passes through of fﬁl: iilglt i dut;gi 2;;]30:;1;52 Iixgga’telj_;}f present state
the configuration corresponding to D, the planetary rotation is zero, _ S &4 '
and from D to B the rotation of the planet becomes clockwise. | It‘ 13'016-‘.—1-1‘ thai?., if the point /, which indicates that the satel- Suggested
Yf the total moment of momentum had been as shown in fig. lite is just touch.‘fng the .pla,net, be identical with the point A, the moon.
3, then the satellite would have fallen into the planet, because then the two bOdw‘B are 1n effect parts of a single body in an
the energy curve would-have no minimum. unstable configuration. If, therefore, the moon was ?rigiI{aIIy
From i and ii we learn that if the planet and satellite are set %a]:t Ef the 2331’13]?, i should expect to find A and /identical,
in motion with opposite rotations, the satellite will fall into the © HSUre 4, w ,wh 18 drawn to represent the earth and moon,
planet, if the moment of momentum of orbital motion be less shows that there is 50 close an approach b?tween the edge of the
than or equal to or only greater by & certain critical amount shaded ba.ffu?. a.,-nd the 11':1tersect10n of the line O-f mOIllefltl.lIIl a-nd
(viz, 4 /3% in our special units), than the moment of momentum c}t:rve of rigidity, that it would be scarcely poss1bl? to distinguish
of planetary rotation, but if it be greater by more than a certain 13)1311::1 {E th:hﬁg: re. bIc]i:?nce, the;e EBB?S & conslderalc)le proba-
critical amount the satellite will approach the planet, the rotation ' 1. y viab the W? Ofles onee forme pa.rts-:: of a s-mgle -c.:ne, E g?ﬂs fafﬁ
of the planet will stop and reverse, and finally the system will wh}ch ‘bro?;e up in consequence of so:f:ue kllld- of 1{13tab111ty.
Icome to equilibrium when the two bodies move round as a rigid This :VIBW 1s confirmed by the more iietmled 001131dera,t1on of the
Lody, with a long periodic time. case In the paper on the “Precession of a Viscous Spheroid,”
| and subsequent papers, which have appeared in the Philoso-
gia&sﬁ io:n iil, We now come to the part of the figure between C and phical Transactions of the Royal Society.
Satellite. D. For the parts AC and BD of the line AB in fig. 1, the Th o ¢ th ) _ _
planetary rotation is slower than that of the satellite’s revolu- ¢ remainder ot the paper, .Of which _thls Appendix forms o s
tion, or the month is shorter than day, as in one of the satellites 8 part, S oceup 1e-d with a similar graphical tre:atment of the
of Mars. In fig. 3 these parts together embrace the whole. In all problem involved in the:- ease of-a, Planet a:nd 3"‘3_"{"8111133 Or & system
cases the satellite approaches the planet. In the case of fig. 3, of tw? stars, each raising f1'1ct1t?nal tides o the ot}{er, and
the satellite must ultimately fall into the planet; in the case :lelvolvmg rm}nd one another orbitally. This problem involves
of figs. 1 and 2 the satellite will fall in if its distance from the © construction of a surface of energy.
planet 1s small, or move round along with the planet as & rigid * The proper values for the present configuration of the earth and moon are
body if its distance be large. - z=84, y="'7. Figure (2) was drawn for the paper as originally presented to
giléeﬁl For the part of the line of momentum AB, the month is the Royal Society, and is now merely reproduced.
satellites longer than the day, and this is the case of all known satellites
of solar , .
gystem. except the nearer one of Murs, As this part of the line is non-

existent in figz. 3, we see that the case of all existing satellites
(except the Martian one) iy comprised within this part of figs. 1
and 2, Now if a satellite be placed in the condition A, that is
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Acceleration, defined, 1. 28
measure of, when uniform, 1. 28
measure of, when variable, 1. 29
average, 1. 29 |
analytical expressions for, 1. 29, 31
‘composition and resolution of, 1, 30, 31
examples of, 1, 35,-36
angular, defined, 1. 42
anguigr; analytical expressions for,
I
Action, defined, 1. 326
principle of least, 1. 327; Lagrange's
equations derived from, 1. 327
principle of stationary, 1. 328
principle of varying, 1, 330; examples
of, 1. 333—336
differential equation satisfied by the,
1.330; equations of motion derived
from, 1. 330
surfaces of equal, 1, 332
Activity, 1. 263
Anchor-ring, mofion on an, 1. 851, 355, 366
Angles, measurement of, 1, 404
solid, 11. 463—470
Area, projection of plane or curved, r, 233
conservation of (see Momentum)
Atoms, size of, 11. (F)
Attraction, universal law of, 1r. 458
integral of normal, over a closed sur-
face, 11. 492, 493
variation of, in crossing attracting
surface, 11. 478 |
of a uniform spheriecal shell on an in-
ternal particle, 11. 462, 477; on an
external particle, 11. 471, 477: on
an element of the shdll, 11. 472,

Attraction of a spherical surface with den-

sity varying inversely as the eube
of the distance from & given point,
11, 474—476 .

of a sphere whose density varies
inversely as the fifth power of the
distance from a point, 1r. 518

of a sphere composed of concentric
shells of uniform density, 11. 480,
491 (d)

of a uniform circular disc on a par-
ticle in its axis, 11. 477, 517

of a cylinder on & particle in its axis,
1. 477 |

of a right cone on a particle at its
vertex, 11. 477

of a uniform circular are, 11, 481

of a straight line, 1. 481

of a uniform hemisphere on a particle
at its edge, 11. 478 |

of matter arranged in infinite parallel
?}?nes of uniform density, 1. 491

of ‘coaxal eylinders of uniform density
to infinite lengths, 11. 491 (e)

of a homogeneous ellipsoid, 11. 494 (j)
—(0); 11. 519—532

of a shell bounded by similar con-
centric and similarly sifuated ellip-
soids, 11. 519—521, 523

of an infinite homogeneous elliptic
cylinder, 11. 494 (p) (q)

of a heterogeneous ellipsoid, 1r. 527

of & particle on a distant body, II.
540, 541 .‘

inverse problem of, 11. 494 (a)—(/)
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Balance, 1. 430, 431 11, 572
torsion, 1. 432, 433
bifilar, 1. 435

Bending of a bar, plate, &e.; see Flexure

Cardioid, 1. 49
Catenary, defined, 11, 574
equation of common, 11. 580"
of uniform strength, 11. 583
Cathetometer, 1. 429
Central axis of a system of forces, 1.
559 (9)
Centrobaric bodies, 11. 534; possess ki-
netic symmetry about their centre
of inertia, 11. 535
Clamp, geometrical, defined, 1. 198; exam-
ples of, 1. 198
Clocks, 1. 414-—417
Compressibility, defined, 11. 680; 11, (C) .
Conservative system, defined, 1. 271
Constraint, of a point with two or one
degrees of freedom, 1. 196 |
of a rigid body with various degrees
of freedom, 1. 197, 199
of a rigid body, five degrees of, 1. 198
of a rigid body, one degree of, most
general form of, 1. 200; mechanical
illustration of, 1. 201; analytical
expression of, 1. 201
Gauss’s prineiple of least, 1. 293
kinetic, cases of motion governed by,
1. 319
Continuity, integral equation of, 1. 192
differential equetion of, 1. 193, 194
Co-ordinates, Rodrigues, 1. 95
generalized, of a point, 1. 202, 203
generalized, of a sysfem, 1. 204
generalized, kinetic energy expressed
in, 1. 313
generalized, equations of motion in,
I, 318
ignoration of, 1. 319
generalized orthogonal f{ransforma-
tion of, 1. 337 note
Cord, see String.
Couples, defined, 1. 234; moment of, 1.
234 axis of, 1, 234 ; 11. 559
composition of, 1. 559 (b); with
forces, 11. 589 (f)
Curvature, defined, 1. &
of a circle, 1. 5
of any plane eurve, analytical expres-
sions for, 1, 6 |
of any curve, analytical expressions
for, 1. 9 .
integral, of a curve, 1. 10, 12
average, of a curve, 1. 10, 12 |
synclastic and anticlastic, of a sur-
face, defined, 1. 128, 11, 639
line of, defined, 1. 130

Curvature, integral, of a portion of a
surface, defined, 1. 130
average, of a portion of a surface, de-
fined, 1. 136
gpecifie, at a point of a surface, de-
fined, 1. 186; analytical expression
for, 1. 138
Curvatura Integra, defined, 1. 186; proved
the same as Integral Curvature, 1.
137
Curve, plane, 1. 7
tortuous, 1. 7
osculating plane of, 1. 8
mechanical tracing of, 1. 16
of pursuit, 1. 40
of flight, 1. 40
representation of experimental re-
sults by means of a, 1. 395—397
Cycloid, 1. 49, 92
properties of, 1. 93

D’Alembert’s principle, 1. 264
Density, line, surface and volume, 11. 460
of the Earth, 11. 774, 831
Determinant, expression for the square of,
I. p. 166 4, (k)
minors of a, 1. 343 (b)
relations between the minors of an
evanescent, 1. 343 (b)
gquare root of skew symmetric, I.
345 (ix)
Diagonal scale, 1. 419
Direction, integral change of, in a surface,
1. 135
Displacement, in one plane, equivalent fo
a rotation, 1. 79, 80, 83; or a trans-
lation, 1. 81
in 5011& plane, examples of, 1. 84,
8 | *
of a non-rigid eolid with one point
fixed, general analytical investiga-
tion of, 1. 181, 180 (¢), (), (7)
tangential, defined, 1. 186: of dis-
placed and undisplaced curve com-
pared, 1. 187—189; of & closed
curve, due to rotation, 1. 190; of
& closed curve due to strain, 1. 190
@@
Dissipativity, 1. 345 (ii)

Earth, The, as a time-keeper, 11. 830

figure of, as determined by geodesy,
1. 797

rigidity of, 11. 832848
distribution of land on, 11. 848
secular cooling of, 11. (D)

Edge of regression, 1. 148

Elastic eurve, 11. 611, 612

Elastic body, perfectly, defined, 11, 672

INDEX. 521 |

Elasticity, of volume, 11. 680
of figure, 11, 680
Elastic solid, equations of equilibrium of,
11, 697, 698; 11. (C) _
integration of equations of equi-
librium of infinite, 11. 730
displacements of, by stress applied to
an infinitely small part, 11, 731
displacements of, by stress applied
over the boundary, 11. 732—734
displacement of, when the strain is
plane, 11. 739
Green’s theory of, 11, (C) (9), (k)
gsphere, deformation of, by rotation,
1. 837, 838 |
spherical shell, equilibrium of, under
gurface fractions, 1. 736—737
Ellipticity of strata of equal density within
the earth resulting from Laplace’s
law, 11. 824, 824
Energy, kinetie, defined, 1. 213
kinetic, rate of change of, 1. 214;
analytical expression for, 1. 280
potential, defined and explained, I.
241, 273, 274
conservation of, 1. 269—278
appavrent loss of, 1. 2756—277
equation of, 1. 293, 318
kinetic and potential, expressed as
functions of the time in the case of
small motions, 1. 337
potential, exhaustion of, 1i. 547—549
Eolotropy, 11. 676—678
Epieycloid, 1. 49, 94
Equilibrant, of a system of forces, 1r. 558
Equilibrium, neutral, stable and unstable,
examples of, 1. 291
of a particle, 11. 455, 456
of three forces, 11. 564
of forces proportional and perpen-
dicular to the sides of a polygon
at their middle points, or the faces
of a polyhedron at their centres of
inertia, 11. 559 (¢) *
of a free rigid body, 11. 551—553
of a constrained rigid body, 11. 5564—
557
of a body moveable about an axis, II.
567
of a body resting on a fixed surface,
II. 568
of a body capable of a single screw
motion, 11. 5566
simple examples of, 11. 572
of a floating body, stability of, 1r. 763
—768
of a rotating gravitational fluid ellip-
goid of equilibrium, 1. 770—773,
775177, 718 _ _
of a rotating gravitational finid ellip-
soid with three unequal axes, 11. 778

Equilibrium of a rotating fluid mass gene-
rally, 1x. 778’
of a rotating heferogeneous liquid
spheroid, enclosing a rigid spherical
nucleus and subjected to disturb-
ance, 11, 822—824
of rotating spheroid of two incom-
pressible non-mixing finids, 11, 831
energy criterion for, 1. 289, 290, 292
slightly disturbed, application of the
Lagrange equation to, 1. 337
general solution of any case of slightly
disturbed, 1. 343 (f)—(p)
Equipotential surfaces, defined, 1. 491 (g)
of homogeneous harmonic spheroids,
11. 789, 790 o
for approximately spherical mass due
to gravitation and rotation con-
jointly, 11. 794
of rotating fluid covering a spherical
nucleus, x. 800—802
of fluid covering a fixed spherical
nucleus, and disturbed bythe atirac-
tion of a distant body, 11. 803
Ergometer, 1. 436, 437
Error, law of, 1. 391 |
probable, 1. 392, 393
Errors, theory of, 1. 387—394
Euler’s Theorem, 130
Evolute, 1. 17—19
Experiment, remarks on, 1. 373—382

Flexure, of a bar, 1r. 711—718
of a plate, 1. 719—729
of a plate bounded by an infinite
plane edge, 11. 728
Fluid, perfect, defined, 1. 320; 11. 742
~ cases of motion in a perfect, 1. 320—
325
equations of equilibrium of a perfect,
Ir. 763
equilibrium of, in a closed vessel, 1r.
754, 7565
equilibrium of, under non-conserva-
tive forces, 1r. 767—769
equilibrium of, possibility of, under
« given forces, 11. 755, 756
density of, in terms of potential of
applied forces, 11. 760 _
impulsive generation of motion in an
ingpmpressgible, 1. 312, 317
Fluxions, 1. 24, 203 |
Foei, kinetie, 1. 357—364
Force, megsure of, 1. 220, 413
gpecification of, 1. 218
accelerative effect of, 1. 219
measurement of, 1. 268
unit of, 1. 221
Gauss’s absolute unit of, 1. 228
British absolute unit of, 1. 225
ideal units of, 1. 223
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Force, comparigson of absolute and gravi-
tational measures of, 1. 226

effective component of, 1. 228

moment of, 1. 232

time-integral of, 1. 297

line of, defined and illustrated, 1r.
489, 490

Forces, composition of, 1. 255

parallel, composition of, 1. 561, 563

- parallelogram and polygon of, 1. 256

gystem of, reduced to two, 11. 560

gystem of reduced to a force and a
couple, 11. 559 (¢)

Freedom, degrees of, 1. 1956—201; (see
Constraint)
Friction, laws of, between solids, 11. 450
—452
laws of fluid, 1. 340
Funection, simple harmonie, 1. 54
complex harmonic, 1. 75, 76; repre-
sentation of the results of experi.-
ment by means of a, 1. 398’

plane harmonie, 11. 739

displacement, 1. 190 (k)

spherical harmonie, 1. p. 171 B. (see
Spherical harmonics)

Laplace’s, 1. p. 208 B. (¢') (see Sphe-
rical harmomcs)

Hamilton’s characteristic, 1. 331;
complete solution derived from a
knowledge of, 1. 331

eyclie, x1. 7565, note

Geodetic line defined, 1. 132
trigonometry on a surface of uni-
form specific curvature, 1. 1563
Gravity, Clairaut’s formula for, in terms
of the latitude, 1. 222
centre of, defined, 11. 534 ; 1. 562
lunar and solar influence on apparent,
1. 812
experimental investigation of lunar
| disturbance of, 11. 818
Green’s problem, 1. 499—506
examples of, . 507—609
Gauss’s method of treating, 11. 550
Gyration, radius of, 1. 281

Harmonie motion, definition of, 1. 53
amplitude of, 1. 54
argument of, 1. 64
epoch of, 1. 54
period of, 1. 54
phase of, 1. 54
pmtlcal examples of, 1. 55
velocity in, 1. 56
acéeleration in, 1. 57

compesition of, in one line, 1. 58, 59;

examples, 1. 60, 61

Harmonic motions,” mechanical composi-
{ion of, in one line, 1. 62

graphical representation of, 1. 62, 69,

72, 74
eomposmon of, in different hnes 1.
63—73
Harmonie, spheroid, defined, 11. 779
nodal cone, defined, 1. 779 ; proper-
ties of, 1. 780
spherica.l (see Spherical harmonics)
Heat, specific, defined, 11. (E) 1 note
Hodograph, definition of, . 37
elementary properties of, 1. 37
for the undisturbed motion of & planet
18 a circle, 1. 38
physical applications of, 1. 39
Homogeneousness, defined, 11, 675
Hooke’s joint, 1, 109
Horograph, defined, 1. 136
exereises on, 1. 137
Horse-power, 1. 268
Hypocyeloid, 1. 91, 94
Hypotheses, use of, 1. 383—386

Images, electrie, . 510—518
Impact, 1. 294—296
of spheres, direct, 1. 300—302
loss of energy in, 1..301
distribution of energy after, 1.302—3006
moment of, 1. 307
work done by 1. 308
of a smooth rigid plane on a free
rigid body at rest, 1. 317
Indicatrix, 1. 130
Inertia, 1. 216
centre of, defined, 1. 230 ; and found,
1. 230
moment of, 1. 281
principal axes of, defined, 1. 282;
found analytically, 1. 283
Interpolation, 1. 398
Inversion, 1. 513—516
Involute, 1. 17—19
Isotrophy, 1x. 676—679

Laplace's law of density of the earth’s
strata, 11. 824 ; applied to determine
the constant of precession, 11. 827,
828; compressibility involved in,
1. 829
Laplace’s differential equation for the
potential, etc., with Poisson’s ex-
tension, 1r. 491 () (¢)
expressed in generalizad co-ordinates
by physical considerations, 1. A,
p. 160 (a)—(¢)
expressed in generalized co-ordinates
by algebraical transformation, 1.

p. 166 A, (j)—(m)
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Laplace’s equation expressed in generalized = Motion, Harmonie (se¢ Harmonie Motl.on)

rectangular co-ordinates, 1. p. 164
A, (f); 1n polar co-ordinates, 1.
P- 164 A, (g9); in columnar co-ordi-
nates, I. p. 165 A, (k)
solution proved possible and unique
when the function is given in value
at every point of a given surface,
p. 169 A (b)—{e)
Latltude, eﬁect of hill, cavity, or crevasse
on, 1I. 478, 479
Length, measures of, 1. 407—409
Level surface, see Equipotential surface
Machine, Tide-predicting, 1. B’ 1
for solving simultaneous hnea.r equa-
tions, 1. B’ 11.
for ealculatmg the integral of a given
funetion, 1. B’ 111.
for ealculating the integral of the
product of two given functions, 1.
- B 1v, |
for solving the general linear differ-
en%ml equatmn of the second order,
b '
for solving any linear differential equa-
tion, 1, B’ vI.
for calenlating the harmonic com-
ponents of a periodic function, 1. B
VII,
Magnetometer, bifilar, 1. 435
Magss, connexion of, with volume and
&enslty, I. 208
unit of, 1. 200
measurement of, 1., 2568, 412
gravitational unit of, 1. 459
negative, 11. 461
Meunier’s Theorem 129
Metacentre, 11. 768
Minimum Kinetic Energy, 299
Moment, virtual, 1. 237
Momenta.l elhpsmd I. 282
Momenfum, defined, 1. 210
change of, 1. 211
rate of change of, 1. 212
conservation of, 1, 267
moment of, 1. 235
moment of, composition and resclution
- of, 1. 235, 236
moment of, congervation of, 1. 267
generalized exprezsion for components
of, 1. 313
Motion, direction of, 1. 4
rate of change of direction cf, 1. 5
quantity of (see Momentum)
resultant, 1. 50
,reaultant, mechanical arrangement
for, 1. 51
relative, 1. 45
relative, examples of, 1. 47, 48, 49
Newton's Laws of, 1. 244969
superposition of sma.l] 1. 89

of a rigid body about a fixed pomt 1.
95, 100, 101
general of & rigid body, 1. 102, 103

general, of one rigid body on another,
1. 110

of translation and rotation, independ-
ence of, 1. 266
quatmna of, formation of, 1. 293
equations of impulsive, 1. 310
ge:;gxéa.l indeterminate equation of, r.
equations of, Lagrange’s generalized
form of, 1. 318; examples of, 1. 319
qu%;lons of, Hamilton’s form, 1. 318,
Hamgl'gsgn’s characteristic equation of,
I,
complete solution of a complex oy-
cloidal, 1. 343 (a)—(e); 1. 345 (1)—{(v)
1nﬁ111tely small, of a dissipative sys-
fem, 1, 342
ideal, ‘of an accumulative system, I.
344 345
of a gyrostatm conservative system,
I. 345 (v1)—(ix); with two degrees
of freedom, 1. 345 (x); with three
degrees of freedom, 1. 346 (xi);
with four degrees of freedom, 1. 345
(x1i)—(xxi); with any number of
freedoms, 1. 345 (xxii)—(xxviii)
disturbed, general investigation of, I.
356
equations of, of a single particle in
polar co-ordinates, 1. 319
equations of, of a single particle re-
ferred to moving axes, 1. 319
of a sphere in an inecompressible fluid
bounded by an infinite plane, 1. 320,
321
of a solid of revolution with its axis
parallel to a plane through an un-
bounded flud, 1. 320—325
of solids in fluids, practical observa.
fions on, 1. 325

Normal modes of vibration, or of falling
away from a position of unstable
equilibrium, 1, 338 ; case of equality
between the periods of two or more
modes, 1. 339

Ocean, stability of the, 11. 816
Optices, application of varying action fo =
question of geometrical, 1. 335

Pendulum, 1. 434
ballistic, 1. 298, 307
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Pendulum, motion of a jointed, 1, 319
motion of a gyroscopic, 1. 319
quadrantal, 1. 322

Physical problems, approximate treatment

of, 11, 438—447
Planets, distribution of density in, 11. 824
Plate, stretching of, by flexure, 11. 629—

631

laws of flexure of, 11. 632—636

principal axes of bending of, 11. 637,
638

potential energy of a bent, 11, 640,
641 |

of equal flexibility in all directions
subjected to uniform stress, 11. 642

equilibrium of infinite, subjected to
any forces, 11. 643, 644

boundary conditions of a finite, II.
645, 648

equilibrium of, under circularly dis-
tributed load, 11. 649—651

equilibrium of circular, with concen-
tric circular aperture, 11, 652—655

equilibrinm of rectangular, 11. 656

flexural rigidities of, 11, 720

Poisson’s equation (see Laplace’s differ-

ential equation, ete.)

Potential, defined and explained, 11, 482—

486

force in terms of, 11, 486, 491

analytical expression for, 11. 491 (a}

cannot have a maximum or minimum
value in free space, 11. 495

mean of, over a spherical surface, .
496

determination of, through external
space from its value over a spherical
surface, 11. 793

determination of, from the form of a
nearly spherical equipotential sur-
face, 1x. 793

of & shell bounded by similar con-
centric and similarly situated ellip-
soids, 11, 624, 525

of & homogeneous ellipsoid, 11. 526

of a heterogeneous ellipsoid, 11. 526

of an ellipsoid of revolution, 11, 527

comparison between, of two confocal
shells each bounded by similar and
similarly situated ellipsoids, 11. 532

of any spherical shell, expressed in
spherical harmonics, 11. 536—538

of a distant body, found by spherical
harmonic analysis, 11. 539

of a solid sphere with harmonic distri-
bution of density, 11, 543, 545

of any mass, expressed in harmonic
geries, 11. 542, 544

of a distribution of mass symmetrical
round an axis, expressed in zonal
harmoniecs, 11, 546

Potential, of a circular ring, 11. 546

of a circular disc, 11. 546
of a circular galvanometer coil, 11. 546
of a solid sphere with variation from
averagedensityinonelimitedregion,
1. 786—788, 791, 792
for other masses of definite form (see
Attraction)
Precession and Nutation, 11. 825
Precession in connection with the distribu-
tion of density within the Earth, 11.
826
constant of, determined from Laplace’s
law, 11. 827
Pressure, fluid, at a point, 11. 743 ; proved
equal in all directions, 11. 744, 745,
747
in a fluid under the action of no
external forces equal in all direc-
tions, 11, 745, 747
rate of increase of, in terms .of the
external force, 11. 752, 7563
resultant fluid, on a plane area, 11, 761
resultant fluid, on a body of any
shape, 11. 762
equations of fluid, 11, 753
of the atmosphere at different heights,
1. 763
centre of, 11, 746, 761

Resilience, 11. 691 (b)—( 1)

Resistance, varying as the velocity in &
simple motion, 1. 341

Restfitution, coefficient of, 1. 300

Resultant, of forces acting along and pro-

portional to the sides of a polygon

is a couple, 1. 559 (d)

Rigidity, defined, 11. 680, 11. (C) (1)
torsional, of eircular cylinder, 11. 701
torsional, of various prisms, 11. 709
of the Earth, 11. 832—840

Rocking stones, 11. 566

Rolling, of one curve on another will give

any motion of a plane figure in its
own plane, 1. 90

of circle on straight line, 1. 92

of cone on cone, 1. 99, 104, 105; ex-
amples of, 1. 106—108

of one plane curve on another in the
game plane, 1. 112; in different
planes, 1. 113

of a curve on a surface, 1. 115, 116

of one rigid body on another, 1. 110,
111, 117 ; analytical investigation
of, when one or both traces are
given, 1. 124, 125

Rotations, composition of, about parallel

axes, 1. 86

composition of with a translation in
plane peirpendicular to axis, 1. 87
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Rotatic;}ns, finite, composition of, 1. 97,
8

Screw, for measurement, 1. 424, 425
micrometer, 1. 426
Secular acceleration of the Moon’s mean
motion, 11. 830 |
Sea-level, disturbance of, by a region of
density greater or less than the
average, 1I. (86—788, 791, 792
figure of, determined from measure-
‘ments of gravity, 1. 795, 796
figure of, determined from results of
geodesy, 11. 797
Shear, synthesis of, 1. 169
principal properties of, 1, 170—172
axes of, 173
various specifications of, 1. 174—176
combination of, with simple elonga-
tion and expansion, x. 177
Slide, geometrical, defined, 1. 198; ex-
amples of, 1, 198
Spherical excess, of a friangle, 1. 134 ; of
a polygon, 1. 134,
Spherical harmonics, defined, 1. p. 171 B
()
Examples of, 1. p. 171 B (a)
partial, 1. p. 176 B (c)
differential equations satisfied by, 1.
p. 178 B (e) (g) -
surface integral of product of two or
%)Ig,)r%s)of two, 1. pp. 178, 205 B(g)
2
when complete are rational integral
functions of 2, ¥, 2; orcan be made
so by a factor 7™, 1, p. 181 B
(R)
general expressions for, when com-
plete, obtained by differentiation, 1,
p. 162 B (j)
general expressions for, obtained by
gsolution of Laplace’s equation, I.
p. 207 B (¢)—(w'); examples, 1. p.
213 B (m)—(s)
algebraical transformations of the
general expressions, 1. p. 189 B (1)
degrees of, for solution of special
problems, 1. p. 196 B (m)—(0)
vanishing of, 1. p. 198 B (p)
expansion of an arbitrary function in
terms of, 1. p. 198 B (r)—(t), («')
biaxal, defined, 1. p. 201 B(u); ex-
pressions for, 1, p. 202 B (v)—(¥y);
11, 782
tesseral, 1. p. 189 B (I); 11. 782
gectorial, 11, 781
degradation of, when the spherical
surface becomes plane, 11, 783
Spherometer, 1, 427, 428
Spiral springs, 11. 604—G08

Squares, transformation of two quadratic
functions to sums of, 1, 337 note
method of least, 1. 394 |

Stability, energy criterion of, 1. 292

kinetio, 1. 346, 347; examples of, 1.
348—354
kiretic, of a particle in a ecircalar
orbit, 1. 350
kinetie, of a particle moving on a
smooth surface, 1. 351—353
kinetie, of a projectile, 1. 354
kinetie, general criterion of, 1. 8355,
358—361
Strain, homogeneous, defined, 1. 155
prineipal properties of, 1. 156—159
ellipsoid, 1. 160—163; 168
axes of, 1, 163
change of length and direction of a
line in, 1. 164
ch?gge of orientation of a plane in, 1.
planes of no distortion in, 1. 167
analysis of, 1. 177—179, 182
pure homogeneous, analytical con-
ditions for, 1. 183
composition of, 1, 184, 185
gpecification of, by six elements, 1r.
(C) (a)
produced by a single longitudinal
stress, II. 682, 683
components of, in terms of stress-
components, 11, 673, 694
potential energy of elastic body in
terms of, 11. 695; 11. (C} (d)
plane, 11. 738
Stress, defined, 11. 658
homogeneous, 11. 659
specification of, 11, 660, 662, 669
average, II. 674
shearing, 1I,:662
composition of, 667
quadrie, 11, 663, 665, 666
principal axes of, 11. 664
pogeglétiai energy of, 11. 670, 671, 673,
analogies of strain with, 11, 668
components of, in terms of strain-
components, 11. 673, 693, 11. (C) !
required for a single longitudinal
gtrain, 11. 692
due to the gravitation of an approxi-
mately spherical mass, 11. 832/
-difference, 11. 832’
String, general equations of equilibrium
of, 11, 576—579
kinetic analogue to equilibrium of, 11,
681; examples on, 11. 582
0n59érilooth surface, equilibrium of, 11,
on rough surface,-equilibrium of, 1I.
585—5687
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String, impulsive generation of motion
in, 1. 317
St Venant’s torsion problems, 11. 699—710
Sun, The, secular cooling of, 11, (E) 1
present temperature of, 11, (E)1x
origin and amount of heat of, I,
- (1B) | -
Surface, flexible and inextensible, prac-
tical approximations to, 1, 139—
143 ; general property of, 1, 150
developable, defined, 1. 139; practical
construetion of, 1.-149
measure of, 1. 410
equipotential, defined, 11, 487, 491 (g);
(see Equipotential surfaces)
of equal pressure, properties of, 11. 749,
760
Symmetry, kinetie, 1. 285

Theorem, Bertrand’s, on the kinetic energy
. of & system moving from rest under
given impulses, 1. 311, 314, 315
Binet’s, on the principal axes at any
point of a body, 1. 283, 284
Cavendish’s, 11. 533
- Clairaut’s, 11. 795
Euler’s, on curvature of surfaces, 1.
- 130
Fourier’s, 1. 70—77
Gauss’s, on the potential, 11. 497
Green’s, extended form of, 1. p. 167
- Aa) |
Guldinus' or Pappus’, rr, 567
Ivory’s, 1. 530, 531
Liouville's, kinetic, 1. 368
Maclaurin’s, on attraction of homo-
geneous focaloid, 11, 494 (Z), 522
Meunier’s, 1. 129
Stokes’s, on the transformation of an
integral over a bounded surface into
one round the boundary, 1. 190 (j)
Thomson's, on the kinetic energy of
a system moving from rest with
given velocities, 1. 312, 316, 317
of maximum action, 1. 364
Tidal friction, effect of, on Earth’s rota-
tion, 1. 276; 11. 830, 1. (G) (a}
secular effects of, determined by &
graphical method, 11. {G) (b)
Tides, equilibrium theory of the, 11, 804
- —811
theory of the, taking the Earth’s
rotation into account, 11. 813, 814
augmentation of, due to the mutual
gravitation of the disturbed waters,
11, 815, 817; 819—821
influence of, on the direction of gravity,
11, 818 | .
in an elastic solid sphere, 11. 833—
841 |

Tides, effects of elastic yielding in the
Earth on the, 11. 842, 846
of long period, 11. 848
Time, foundation of our measure of, 1.
247, 405, 406
Torsion, of prism or cylinder by a simple
twist, general solution of, 1, 700,
702, 703, 706; hydrokinetic ana-
logue of, 11, 704, 705
of elliptie eylinder, 11. 707, 708
of equilateral prism, 11, 707, 708
of curviiinear square, 1. 707, 708
of rectangular prism, 11, 707
Tortuosity, 1. 7
analytical expression for, 1. 9
Triangle, kinetic, difference between two
gides and a fthird of, 1. 361
Trochoid, 1. 49, 92
Twist, explanation and definition of, 1.
119, 120
integral, of a rod in a plane curve, 1.
122 in a tortuous curve, 1. 123
examples of, 1. 126

Velocity, defined, 1. 20
measure of, when uniform, 1. 20
meagure of, when variable, 1, 24
average of, 1. 23
analytical expressions for, 1. 24, 25, 27
resolution of, 1. 25, 26
composition of, 1. 27
examples of, 1. 34
angular, defined, 1. 41
angular, measure of, 1. 42
angular, mean, 1. 43
angular, of a plane, 1. 44
angular, composition of, 1. 95, 96
angular, parallelogram of, 1. 95
generalized expression for compo-
nents of, in terms of momenta, I.
313 |
reciprocal relation between compo-
nents of velocity and momentum
in two motions, 1. 313 |
of sound, etc., in terms of modulus
of elasticity, 11, 691, (a)
virtual, 1. 237
Vernier, 1, 420—423
Viscosity, of solids, 11. 741
of fluids, 11. 741
Volume, measure of, 1, 411

Wire, defined, 11. 588
kinematical representation of the cur-.
vatures and torsion of, 1x. 590
laws of flexure and torsion of, 11, 591
-—593
principal torsion-flexure rigidities of.
1, 596, 715
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Wire, potential energy of strained, 1r.

594, 595

equilibrium of, under opposing couples,
11. 598—601

equilibrium of, under opposing sys-
tems of forces at its extremities
when the principal rigidities against
flexure are equal, 11, 600—604

equilibrium of, under any forces and
couples applied along its length, 11.
614

infinitely little bent from straight line,
11, 616

bent by its own weight, 1. 617—620

rotation of, round elastic central line,
11. 621—626

Kirchhoff’s kinetic analogue to the

equilibrinm of, 1. 609, 610; ex-
amples of, 11. 611, 613 |
Work, defined, 1. 238—240
practical unit of, 1. 238
selentific unit of, 1, 238
rate of doing, 1. 268; scientifie unit
of, 1. 268

Young’s modulus of elasticity, 1r. 6806
—691

Zonal harmoniecs, defined, 11, 781
Murphy’s analysis for, 11. 782
tables and graphical illustrations of,
11. 784
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