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surrounding them, and that similar experiments, more recently made by M. REeNavuwr,
should have led only to the same negative conclusion.

If, on the other hand, the air were neither allowed to take in heat from nor to part
with heat to the surrounding matter in any part of the apparatus, it would experience
a resultant cooling effect (after arriving at a state of uniformity of temperature as
well as pressure) to be calculated by dividing the preceding expression for the quantity
of heat which would be required to compensate it, by *17, the specific heat of air
under constant pressure. The cooling effect on the air itself therefore amounts to

027 x PP
which is equal to 2°8, for air expanding, as in Mr. JouLE’s experiment, from 21 atmo-
spheres to half that pressure, and is 900 times as great as the thermometric effect
when spread over the water and copper of the apparatus. Hence our present system,
in which the thermometric effect on the air itself is directly observed, affords a test
hundreds of times more sensitive than the method first adopted by Mr. JouLk, and
no doubt also than that recently practised by M. REeNavrr, in which the dimensions
of the various parts of the apparatus (although not yet published) must have been on
a corresponding scale, or in somewhat similar proportions, to those used formerly by
Mr. JouLE.

SectioN II. On the Density of Saturated Steam.

The relation between the heat evolved and the work spent, approximately
established by the air-experiments communicated to the Royal Society in 1844, was
subjected to an independent indirect test by an application of Carnor’s theory, with
values of ““Carnor’s function” which had been calculated from ReenaurLr’s data as
to the pressure and latent heat of steam, and the assumption (in want of experimental
data), that the density varies according to the gaseous laws. The verification thus
obtained was very striking, showing an exact agreement with the relation of equiva-
lence at a temperature a little above that of observation, and an agreement with the
actual experimental results quite within the limits of the errors of observation; but
a very wide discrepancy from equivalence for other temperatures. The following
Table is extracted from the Appendix to the “Account of Carnor’s Theory” in which
the theoretical comparison was first made, to facilitate a comparison with what
we now know to be the true circumstances of the case.

* Itis worthy of remark that this, the expression for the cooling effect experienced by a mass of atmospheric
air expanding from a bulk in which its pressure is P to a bulk in which, at the same (or very nearly the same)
temperature its pressure is P!, and spending all its work of expansion in friction among its own particles, agrees

p—p

very closely with the expression, *26 x , for the cooling effect in the somewhat different circumstances

of our experiments,
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“Table of the Values of ’%E—t)”z [(W].

“ Work requisite to “ Work requisite to
produce a unit of heat |, produce a unit of heat |,

by the compression | LeMPerature| “yo e oompression | Lemperature
of a gas of t!;e gas of a gas of tl;e gas

[M](1+Et) W1. ' [M](I+Et) =[W]. :
ft. 1bs. o ft. 1bs. o
13571 0 14464 120
13687 10 14558 130
13790 20 14653 140
1388:0 30 1475°8 150
13957 40 1489-2 . 160
1401-8 50 1499-0 170
1406+7 60 15113 180
14120 70 15235 190
14176 80 15365 200
14240 90 1550-2 210
14306 100 1564+0 220
1438-2 110 1577-8 230"

We now know, from the experiments described above in the present paper, that the
numbers in the first column, and we may conclude with almost equal certainty, that
the numbers in the third also, ought te be each very nearly the mechanical equivalent
of the thermal unit. This having been ascertained to be 1390 (for the thermal unit
Centigrade) by the experiments on the friction of fluids and solids, communicated to
the Royal Society in 1849, and the Work having been found above to fall short of the

equivalent of heat produced, by about -+, at the temperature of the air-experiments at

4]7
present communicated, and by somewhat less at such a higher temperature as 30°,
we may infer that the agreement of the tabulated theoretical result with the fact is
perfect at about 30° Cent. Or, neglecting the small discrepance by which the work
truly required falls short of the equivalent of heat produced, we may conclude that

1+ E¢ . .
the true value of &(-E——l for all temperatures is about 1390 ; and hence that if [W]

denote the numbers shown for it in the preceding table, w the true value of CarNor’s
function, and [w] the value tabulated for any temperature in the “ Account of
Carnor’s Theory,” we must have, to a very close degree of approximation,
1390
w=[p] X W'
But if [¢] denote the formerly assumed specific gravity of saturated steam, p its pressure,
and A its latent heat per pound of matter, and if ¢ be the mass (in pounds) of water in a
cubic foot, the expression from which the tabulated values of [(/4] were calculated is
1—[c] 1dp,
[w]=

o[c] Adt’
while the true expression for Carnor's function in terms of properties of steam is
1—¢ ldp
ST

MDCCCLIV. 2Y
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[e], 1=o ,
Hence [I*] = I= T
or, approximately, since « and [¢] are small fractions,
w9,
w]™ @
We have, therefore, [ 7= 1[2)?)

and we infer that the densities of saturated steam in reality bear the same propor-
tions to the densities assumed, according to the gaseous laws, as the numbers shown
for different temperatures in the preceding Table bear to 1390. Thus we see that
the assumed density must have been very nearly correct, about 30° Cent., but that
the true density increases much more at the high temperatures and pressures than
according to the gaseous laws, and consequently that steam appears to deviate from
Boywre’s law in the same direction as carbonic acid, but to a much greater amount,
which in fact it must do unless its coeflicient of expansion is very much less, instead
of being, as it probably is, somewhat greater than for air. Also, we infer that the

. . . . 1
specific grawty of steam at 100° Cent., instead of being only 7553 as was assumed,

1 ) ’
T6d5" Without

using the preceding Table, we may determine the absolute density of saturated steam
by means of a formula obtained as follows. Since we have seen the true value of W
is nearly 1390, we must have, very approximately,

__1390E
—1+E¢’

or about ; 700, as it is generally supposed to be, must be as great as

and hence, according to the preceding expression for p in terms of the properties of
steam,

l—o¢ 1dp
er=13g05 1 TEO 3 o
or, within the degree of approximation to which we are going (omitting as we do
fractions such as ;55 of the quantity evaluated),

1+Et) dp
1390E »d’

an equation by which ¢, the mass of a cubic foot of steam in fraction of a pound, or «,
its specific gravity (the value of ¢ being 63'887), may be calculated from observations
such as those of REGNauLT on steam. Thus, using Mr. RANKINE’s empirical formula
for the pressure which represents M. ReeNauLT's observations correctly at all tem-

peratures, and M. ReeNavrr’s own formula for the latent heat; and taking E=-—1

B % ) :
‘ 7="1390 (6065 -+ 0-305¢)— (¢ + 000022+ -0000003F)’

273’
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with the following equations for calculating p and the terms involving 3 and v ;

—y— B
log,, p=o I+ 2746 (274'6+t)2’

%=4950433+log,,2114=8'275538
log,,3=31851091,
log,, y==5'0827176.

The densities of saturated steam calculated for any temperatures, either by means
of this formula, or by the expression given above, with the assistance of the Table of
values of [W], are the same as those which, in corresponding on the subject in 1848,
we found would be required to reconcile REeNauLT’s actual observations on steam
with the results of air-experiments which we then contemplated undertaking, should
they turn out, as we now find they do, to confirm the relation which the air-
experiments of 1844 had approximately established. They should agree with results
which Crausius* gave as a consequence of his extension of Carnor’s principle to the
dynamical theory of heat, and his assumption of MaYER’s hypothesis.

Secrion III. Evaluation of Carnot’s Function.

The importance of this object, not only for calculating the efficiency of steam-
engines and air-engines, but for advancing the theory of heat and thermo-electricity,
was a principal reason inducing us to undertake the present investigation. Our pre-
liminary experiments, demonstrating that the cooling effect which we discovered in
all of them was very slight for a considerable variety of temperatures (from about

. . : 1+ K¢
0° to 77° Cent.), were sufficient to show, as we have seen in §§ I. and IL., that &(_.%,J

must be very nearly equal to the mechanical equivalent of the thermal unit; and
therefore we have
p,=~1—'1—— approximately,
— i
E
or, taking for E the standard coefficient of expansion of atmospheric air, *003665,

. J
M= oress it
At the commencement of our first communication to the Royal Society on the
subject, we proposed to deduce more precise values for this function by means of the
equation

J_JKs—(PV'—PY)+w,
P dw ’

w o
dt
v
where w=j; pdv;

* PoGeENDORFF'S Annalen, April and May 1850.
2v2
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v, V, V' denote, with. reference to air at the temperature of the bath, respectively, the
volumes occupied by a pound under any pressure p, under a pressure, P, equal to that
with which the air enters the plug, and under a pressure, P/, with which the air escapes
from the plug; and JK9 is the mechanical equivalent of the amount of heat per
pound of air passing that would be required to compensate the observed cooling

effect 3. The divect use of this equation for determining J requires, besides our own
I

results, information as to compressibility and expansion which is as yet but very
insufficiently afforded by direct experiments, and is consequently very unsatisfactory,
so much so that we shall only give an outline, without details, of two plans we have
followed, and mention the results. First, it may be remarked that, approximately,

w=(14+E¢{)H log % > and %:EH log % )

H being the “height of the homogeneous atmosphere,” or the product of the pressure
into the volume of a pound of air, at 0° Cent.; of which the value is 26224 feet,
Hence, if B denote a certain mean coefficient of expansion suitable to the circum-

stances of each individual experiment, it is easily seen t.hatjwujmay be put under the

dt
form il-i+ t, and thus we have
J 1 JK3—(P'V —-PV
R=ET ( P )
EH log—I;,

since the numerator of the fraction constituting the last term is so small, that the ap-
proximate value may be used for the denominator. The first term of the second
member may easily be determined analytically in general terms; but as it has refer-
ence to the rate of expansion at the particular temperature of the experiment, and
not to the mean expansion from 0° to 100° which alone has been investigated by
ReGNauLt and others who have made sufficiently accurate experiments, we have not
data for determining its values for the particular cases of the experiments. We may,
however, failing more precise data, consider the expansion of air as uniform from
0° to 100°, for any pressure within the limits of the experiments (four or five atmo-
spheres) ; because it is so for air at the atmospheric density by the hypothesis of the
air-thermometer, and REGNAULT'S comparisons of air-thermometers in different con-
ditions show for all, whether on the constant-volume or constant-pressure principle,
with density or pressure from one-half to double the standard density or pressure,
a very close agreement with the standard air-thermometer. On this assumption
then, when we take into account ReeNaurLr’s observations regarding the effect of
variations of density on the coefficient of increase of pressure, we find that a suitable

. . . J.
mean coefficient B for the circumstances of the preceding formula for w18 expressed,
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to a sufficient degree of approximation, by the equation

. — P!
E=-0036534- 0000441 P—P"
381 Il p
Og—p,-
Also, by using REGNAULT'S experimental results on compressibility of air as if they
had been made, not at 4°75, but at 16° Cent., we have estimated P'V'—PV for the

numerator of the last term of the preceding expression. We have thus obtained

. J . . .
estimates for the value of 2 from eight of our experiments (not corresponding exactly

to the arrangement in seven series given above), which, with the various items of the
correction in the case of each experiment, are shown in the following Table.

: Correction | Value of J
No. of ex- | Pressure of g0 oiae Coolin Correction Cg;)ﬁct::cnalb v by com- |divided by
pel:iment. air forced pressure Excess. eﬁ‘ectg by g)oling coefiigient of prezsihbility fCARNO'l;S
into the plug. : : effect. - sub-  |function for
Pe expansion. tracted). | 16° Cent.
P. P P-P. 3. JK& 1.1 PV —PV I
EH Iog%:—,. E E gy 1og.11;,. N
I. 20°943 14777 6+166 6'105 1:031 0174 0290 | 2894
II. 21-282 14:326 6-956 0-109 0942 0-168 0291 |289-3
II1. 35822 14:504 | 21-318 0375 1+421 0-519 0-412 |289-97
Iv. 33-310 14692 | 18:618 0:364 1523 0470 0:372 |290-065
V. 55441 14610 | 40-831 0-740 1892 0:923 0-480 |289°705
VL 53471 14:571 | 38900 0-676 1-814 0-883 0475 |289'59
VIL. 79°464 14:955 | 64°509 1-116 2:272 1:379 0:592 | 28969
VIII. 79°967 14:785 | 65:182 1-142 2:300 1-376 0-586 |289-73
Mean ...[ 289°68

In consequence of the approximate equality of % to %——I—t, its value must be, within
a very minute fraction, less by 16 at 0° than at 16°; and, from the mean result of the

preceding Table, we therefore deduce 273'68 as the value of % at the freezing-point.

The correction thus obtained on the approximate estimate %+t=272'85+t, for g,
at temperatures not much above the freezing-point, is an augmentation of -83.
. . . J
For calculating the unknown terms in the expression for o We have also used

Mr. RankiINE’s formula for the pressure of air, which is as follows :—

C+t aC /1\E AC 1\
pr=H=g {"_‘(c+t)2<g;,> +6’+7<97)) }’

where C=2746, log, a='3176168, log, h=3'8181546,
26224
H= T—a+th’

and, v being the volume of a pound of air when at the temperature ¢ and under the
pressure p, ¢ denotes the mass in pounds of a cubic foot at the standard atmospheric
pressure of 29'9218 inches of mercury. The value of p according to this equation,
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when substituted in the general expression for ‘I, gives

£=c+t+n§08+3 0+>{(H> (i } 5 ‘7%){(%)-(% }

"
log P

From this we find, with the data of the eight experiments just quoted, the following
values for;{ at the temperature 16° Cent.,

289'044, 289°008, 288:849, 289112, 288787, 288722, 288'505, 288559, the
mean of which is 28882,
giving a correction of only ‘03 to be subtracted from the previous approximate

. 1
estimate E'H'

It should be observed that CarNor’s function varies only with the temperature ; and
therefore if such an expression as the preceding, derived from Mr. Ranking’s formula,
be correct, the cooling effect, 3, must vary with the pressure and temperature in such
a way as to reduce the complex fraction, constituting the second term, to either a con-
stant or a function of #. Now at the temperature of our experiments, 8 is very approxi-
mately proportional simply to P—P', and therefore all the terms involving the pressure
in the numerator ought to be either linear or logarithmic ; and the linear terms should

balance one another so as to leave only terms which, when divided by log %’ become

independent of the pressures. This condition is not fulfilled by the actual expression,
but the calculated results agree with one another as closely as could be expected from
a formula obtained with such insufficient experimental data as Mr. RankINe had
for investigating the empirical forms which his theory left undetermined. We shall
see in Section V. below, that simpler forms represent Reenauvrnr's data within their
limits of error of observation, and at the same time may be reduced to consistency
in the present application.

As yet we have no data regarding the cooling effect, of sufficient accuracy for
attempting an independent evaluation of Carnor's function for other temperatures.
In the following section, however, we propose a new system of thermometry, the
adoption of which will quite alter the form in which such a problem as that of
evaluating Carnor’s function for any temperature presents itself.

Section IV. On an absolute Thermometric Scale founded on the Mechanical Action

of Heat.

In a communication to the Cambridge Philosophical Society* six years ago, it

* ¢ On an Absolute Thermometric Scale founded on Carnor’s Theory of the Motive Power of Heat, and

calculated from REeNAULT’s observations on Steam,” by Prof. W. Tromson, Proceedings Camb. Phil. Soc.
June 5, 1848, or Philosophical Magazine, Oct. 1848,
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was pointed out that any system of thermometry, founded either on equal additions
of heat, or equal expansions, or equal augmentations of pressure, must depend on the
particular thermometric substance chosen, since the specific heats, the expansions,
and the elasticities of substances vary, and, so far as we know, not proportionally
with absolute rigour for any two substances. Even the air-thermometer does not
afford a perfect standard, unless the precise constitution and physical state of the
gas used (the density, for a pressure-thermometer, or the pressure, for an expansion-
thermometer) be prescribed ; but the very close agreement which Reenaurr found
between different air- and gas-thermometers removes, for all practical purposes, the
inconvenient narrowness of the restriction to atmospheric air kept permanently at
its standard density, imposed on the thermometric substance in laying down a rigorous
definition of temperature. It appears then that the standard of practical thermo-
metry consists essentially in the reference to a certain numerically expressible quality
of a particular substance. In the communication alluded to, the question, “Is
there any principle on which an absolute thermometric scale can be founded :” was
answered by showing that Carnor’s function (derivable from the properties of any
substance whatever, but the same for all bodies at the same temperature), or any
arbitrary function of Carnor’s function, may be defined as temperature, and is there-
fore the foundation of an absolute system of thermometry. We may now adopt this
suggestion with great advantage, since we have found that Carnor’s function varies
very nearly in the inverse ratio of what has been called “temperature from the zero
of the air-thermometer,” that is, Centigrade temperature by the air-thermometer
increased by the reciprocal of the coeflicient of expansion ; and we may define tem-
perature simply as the reciprbcal of Carnor’s function. When we take into account
what has been proved regarding the mechanical action of heat*, and consider what
is meant by Carnor’s function, we see that the following explicit definition may be
substituted :—

If any substance whatever, subjected to a perfectly reversible cycle of operations, takes
in heat only in a locality kept at a uniform temperature, and emits heat only in another
locality kept at a uniform temperature, the temperatures of these localities are propor-
tional to the quantities of heat taken in or emitted at them in a complete cycle of the
operations.

To fix on a unit or degree for the numerical measurement of temperature, we may
either call some definite temperature, such as that of melting ice, unity, or any number
we please; or we may choose two definite temperatures, such as that of melting ice
and that of saturated vapour of water under the pressure 29-9218 inches of mercury
in the latitude 45°, and call the difference of these temperatures any number we
please, 100 for instance. The latter assumption is the only one that can be made
conveniently in the present state of science, on account of the necessity of retaining
a connexion with practical thermometry as hitherto practised ; but the former is far

* Dynamical Theory of Heat, §§ 42, 43.
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preferable in the abstract, and must be adopted ultimately. In the mean time it
becomes a question, what is the temperature of melting ice, if the difference between
it and the standard boiling-point be called 100°? When this question is answered
within a tenth of a degree or so, it may be convenient to alter the foundation on
which the degree is defined, by assuming the temperature of melting ice to agree with
that which has been found in terms of the old degree; and then to make it an object
of further experimental research, to determine by what minute fraction the range from
freezing to the present standard boiling-point exceeds or falls short of 100. The
experimental data at present available do not enable us to assign the temperature of
melting ice, according to the new scale, to perfect certainty within less than two- or
three-tenths of a degree; but we shall see that its value is probably about 2737,

agreeing with the value of % at 0° found by the first method in Section III. From the

very close approximation to equality between ;{ and %—l—t, which our experiments

have established, we may be sure that temperature from the freezing-point by the
new system must agree to a very minute fraction of a degree with Centigrade tempe-
rature between the two prescribed points of agreement, 0° and 100° and we may
consider it as highly probable that there will also be a very close agreement through
a wide range on each side of these limits. It becomes of course an object of the
greatest importance, when the new system is adopted, to compare it with the old
standard ; and this is in fact what is substituted for the problem, the evaluation of
Carnor’s function, now that it is proposed to call the reciprocal of Carnor’s function,
temperature. In the next Section we shall see by what kind of examination of the
physical properties of air this is to be done, and investigate an empirical formula
expressing them consistently with all the experimental data as yet to be had, so far
as we know. The following Table, showing the indications of the constant-volume
and constant-pressure air-thermometer in comparison for every twenty degrees of
the new scale, from the freezing-point to 300° above it, has been calculated from the
formulee (9), (10), and (39) of Section V. below.
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Comparison of Air-thermometer with Absolute Scale.

Temperature by | Temperature Centi- | Temperature Centi-
absolute scale in | tigrade by constant- grade by constant-
Cent. degrees | volume thermometer | pressure air-thermo-
from thefreezing-| with air of specific meter
point. oD
gravity P
t—2137. | =100 2P {500 T
P3pgr—Parsy V3737 Varsr
0 0 0
20 204+ e . P
440298 x — 20+ 0404)(1—I
v
40 40+-0403 ,, 404--0477 ,,
60 60 +-0366 ,, 60-+-0467 ,,
80 8040223 ,, 8040277
100 10040000 ,, 100+-+0000 ,,
120 120—-0284 ,, 120—-0339 ,,
140 140—-0615 ,, 140—-0721 ,,
160 160—-0983 ,, 160—°1134 ,,
180 180—-1382 ,, 180—-1571 ,,
200 200—-1796 ,, 200—-2018 ,,
220 220—-2232 ,, 220—-2478 ,,
240 240—°2663 ,, 240—°2932 ,,
260 260—3141 ,, 260—-3420 ,,
280 280—:3610 ,, 280—-3897 ,,
300 3004085 ,, 300 —-4377 ,,
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The standard defined by Reenavuwr is that of the constant-volume air-thermometer,
with air at the density which it has when at the freezing-point under the pressure of
760 mm. or 22°9218 inches of mercury, and its indications are shown in comparison

with the absolute scale by taking % =1 in the second column of the preceding Table.

The greatest discrepance between 0° and 100° Cent. amounts to less than 4'5th of a
degree, and the discrepance at 300° Cent. is only four-tenths. The discrepancies of
the constant-pressure air-thermometer, when the pressure is equal to the standard

atmospheric pressure, or %:1, are somewhat greater, but still very small.

SectioN V. Physical Properties of Air expressed according to the absolute Thermo-
* dynamic scale of Temperature.

All the physical properties of a fluid of given constitution are completely fixed
when its density and temperature are specified ; and as it is these qualities which
we can most conveniently regard as being immediately adjustable in any arbitrary
manner, we shall generally consider them as the independent variables in formulee
expressing the pressure, the specific heats, and other properties of the particular fluid
in any physical condition.

Let v be the volume (in cubic feet) of a unit mass (one pound) of the ﬂllld and ¢
its absolute temperature ; and let p be its pressure in the condition defined by these
elements.

MDCCCLIV. 2z
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Let also e be the “mechanical energy*” of the fluid, reckoned from some assumed
standard or zero state, that is, the sum of the mechanical value of the heat commu-
nicated to it, and of the work spent on it, to raise it from that zero state to the
condition defined by (v,£); and let N and K be its specific heats with constant
volume, and with constant pressure, respectively. Then denoting, as before, the
mechanical equivalent of the thermal unit by J, and the value of Carnot’s function
for the temperature ¢ by w, we havey-

de J dp
1 de
dap
1 de 1/de dt
v
From these we deduce, by eliminating e,
dp)
dt ,
K—-N_—*-@---.---»---------(4)
(1 dp
and dN podt) 1dp
—““*_”_“'jdt""“""'-"‘(5)

equations which express two general theorems regarding the specific heats of any
fluid whatever, first publishedy in the Transactions of the Royal Society of Edinburgh,
March 1851. The former (4) is the extension of a theorem on the specific heats of
gases originally given by Carnot§, while the latter (5) is inconsistent with one of his
fundamental assumptions, and expresses in fact the opposed axiom of the Dynamical
Theory. The use of the absolute thermo-dynamic system of thermometry proposed
in Section 1V., according to which the definition of temperature is
J

t"'—"—’ o o o . . . . N . o N . . . . . .
: - ©
simplifies these equations, and they become
G
t
JK""JN:t———E—_@— . ° . o . . . . ° ° ° ° o ° . (7)
v
duN)_ &%
d’U dﬁ . . o o ® 0 ° 0y ) ) . . ® ° . . (8)

* Dynamical Theory of Heat, Part V.—On the Quantities of Mechanical Energy contained in a Fluid in
different States as to Temperature and Density, § 82. Trans. Roy. Soc. Edin., Dec. 15, 1851,

+ Ibid. §§ 89, 91. : { Ibid. §§ 47, 48.

§ See “ Account of Carnor’s Theory,” Appendix III. Trans. Roy. Soc. Edin., April 30, 1849, p. 565.
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To compare with the absolute scale the indications of a thermometer in which the
particular fluid (which may be any gas, or even liquid) referred to in the notation p, v, ¢,
is used as the thermometric substauce, let p, and p,,, denote the pressures which it has
when at the freezing and boiling points respectively, and kept in constant volume, v;
and let v, and v,,, denote the volumes which it occupies under the same pressure, p, at
those temperatures. Then if 4 and ¥ denote its thermometric indications when used
as a constant-volume and as a constant-pressure thermometer respectively, we have

P—Po
0=100——"—= . . . . . . . < . . . .
P00~ Po ‘ ‘ (9)
v—0
=100——> . . . . . . . . ...
3 Y100~ % (10)

Let also e denote the “ coefficient of increase of elasticity with temperature*,” and
¢ the coefficient of expansion at constant pressure, when the gas is in the state defined
by (v, #); and let E and £ denote the mean values of the same coefficients between
0° and 100° Cent. Then we have

dp
e=m..,..........(ll)
dp

dt
g= dp""""""'(]2)
’UOX—'%

—P1o0—Po .
L ¢ £)
Y100~ "%
e 1)

Lastly, the general expression for % quoted in Section II. from our paper of last

year, leads to the following expression for the cooling effect on the fluid when forced
through a porous plug as in our air experiments :—

s=yi{ [ (Gh—p)o+@V-PW} . . )

(p,v) (P, V') (P,V), as explained above, having reference to the fluid in different
states of density, but always at the same temperature, ¢, as that with which it enters
the plug.

From these equations, it appears that if p be fully given in terms of » and absolute
values of ¢ for any fluid, the various properties denoted by

JK=IN, MN s o 5 B, E, and),

may all be determined for it in every condition. Conversely, experimental investiga-

¥ So called by Mr. Rankine. The same element is called by M. Reenvaurr the coefficient of dilatation of
a gas at constant volume.

2z 2
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tions of these properties may be made to contribute, along with direct measurements
of the pressure for various particular conditions of the pressure, towards completing
the determination of the function which expresses this element in terms of v and ¢.
But it must be remarked, that even complete observations determining the pressure
for every given state of the fluid, could give no information'as to the values of ¢ on
the absolute scale, although they might afford data enough for fully expressing p in
terms of the volume and the temperature with reference to some particular substance
used thermometrically. On the other band, observations on the specific heats of the
fluid, or on the thermal effects it experiences in escaping through narrow passages,
may lead to a knowledge of the absolute temperature, ¢, of the fluid when in some
known condition, or to the expression of p in terms of v, and absolute values of #;
and accordingly the formulea (7), (8), and (15) contain ¢ explicitly, each of them in
fact essentially involving Carno’s function. As for actual observations on the specific
heats of air, none which have yet been published appear to do more than illustrate the
theory, by confirming (as Mr. Joure’s, and the more precise results more recently
published by M. ReeNnauLr, do), within the limits of their accuracy, the value for
the specific heat of air under constant pressure which we calculated* from the
ratio of the specific heats, determined according to LarLace’s theory by observations
on the velocity of sound, and the difference of the specific heats determined by CarNoT's
theorem with the value of Carnor’s function estimated from Mr. JouLe’s original
experiments on the changes of temperature produced by the rarefaction and conden-
sation of air{+, and established to a closer degree of accuracy by our preliminary expe-
riments on expansion through a resisting solid}. It ought also to be remarked, that
the specific heats of air can only be applied to the evaluation of absolute temperature
with a knowledge of the mechanical equivalent of the thermal unit; and therefore
it is probable that, even when sufficiently accurate direct determinations of the specific
heats are obtained, they may be useful rather for a correction or verification of the
mechanical equivalent, than for the thermometric object. On the other band, a
comparatively very rough approximation to JK, the mechanical value of the specific
heat of a pound of the fluid, will be quite sufficient to render our experiments on the
cooling effects available for expressing with much accuracy, by means of the formula
(15), a thermo-dynamic relation between absolute temperature and the mechanical
properties of the fluid at two different temperatures.
Let us now assume

p=%{A1+qDo(v)—|—¢¢§Q+%+&C-} coee e e e (16)

as an empirical formula, where A is a constant and ¢,(v), ¢,(v), &c. are functions of
the volume to be determined by comparisons with experimental results. In doing so

* Philosophical Transactions, March 1852, p. 82.
+ Royal Society Proceedings, June 20, 1844 ; or Phil. Mag., May 1845. § Ibid. Dec. 1850.
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we adopt the form to which Mr. RANKINE was led by his theory of molecular vortices,
and which he has used with so much success for the expression of the pressure of
saturated steamn and the mechanical properties of gases; with this difference, that the
series we assume proceeds in descending powers of the absolute thermo-dynamic
temperature, while Mr. RANKINE’s involves similarly the temperature according to
what he calls ““ the scale of the perfect gas-thermometer.”

Now any variable part of ¢,(v), and the whole series of terms following it, must
correspond to deviations from the gaseous laws, since the general expression of these
laws would be simply pv=A¢4-B, if A and B be constant. Hence for atmospheric
.air any variable part that ¢,(v) can have, and all the terms following it in the series,
must be very small fractions of pv. We shall see immediately that the various devia-
tions from the gaseous laws which have been established by experiment, as well as
the cooling effects which we have observed, are all such as to be represented by ex-
pressions derived from the preceding formula, if the variable part of ¢,(v), and the
whole functions ¢,(v), ¢,(v), &c. be taken each of them simply proportional to the
density directly, or to the volume (v) of a pound inversely. We may then, to avoid
unnecessary complications, at once assume b

pl;:At—l—B—I—(C-I-‘?'{‘%)%:- e e e e e (17)‘

where A, B, C, D and G are all constants to be determined by the comparison with
experimental results, and ® denotes a particular volume corresponding to a standard
state of density, which it will be convenient to take as 12387 cubic feet, the volume of
a pound when under the atmospheric pressure IT (=2117 lbs. per square foot) of
29'9218 inches of mercury in latitude 45°. The series is stopped at the fifth term,
because we have not at present experimental data for determining the coefficients for
more. The experimental data which we have, and find available, are (1) the results
of REeNauLT’s observations on the coefficients of expansion at different constant den-
sities, (2) the results of his observations on the compressibility, at a temperature of
4%75 Cent., and (3) our own experimental results now communicated to the Royal
Society. These are expressed within their limits of accuracy (at least for pressures of
from one to five or six atmospheres, such as our experiments have as yet been con-
fined to), by the following equations :—

‘0000441 (P
E="003665 +'—3'8‘i'“ (';U*-— 1 ) )

o |
or E="00365343+000011575— . . . . . . . . . (18)

— P!
PV~-P’V’='008163][-—)TI~Ii PV, at temperature 475 Cent., . . . (19)

P-P
and 0="26 o at temperature 17° Cent. . . . . . . (20)




3568 MR. J. P. JOULE AND PROFESSOR THOMSON ON THE

Now, by the empirical formula (17), with equations (13) and (15), neglecting
squares and products of the small quantities C, D, G, we find

> (21)

11 1 1 e )
B 100 A—{D(Z,_t0+ 100) +G['z§_ Tt 100)2_,}??
100{At0+B+ (C+D+G> - }
A 1 100A 1 1 1 1 P
= At,+B ™~ 100(A%,+ B) {At0+ B<C+ +t2> +D<Z()"to+ 100) +G(t"§—(t0+ 100)ﬂ>}v

D G\N/ > & D G\/® O
pv_pyy _ (Ot 475)(‘v""v'> ~(+i ) (v |
( PV = = Aty +B (22)
475 At B C 4'75
st B (G m)v
Af,+B P P
. e e ... (23
(At475+B)Q( t475 475>< : (23)
3D 4G\ /® & :
and v=3{ ~Blog y— (2c+ T+ ) (¥ ﬁ}. Co (@)
1 P A#+B 3D 4G\ /P P
=ﬁ—{{-——BlogP, At+B<20+ +t2)(ﬁ_ﬁ>}' - . (25)
From the last, and the equation of condition (20), we find
B=0 . . . . . . . .. ... .. (26
1 4 8D | 4G \_.
and —i t——~0+17(2c+m+r+17_26. @
Again, by equations (21) and (18) similarly used, we have
A
A, B=00365343 . . . . . . . . . . (28)

and

—1 [ 100A 1

100(A7,+ B) 1At0+B(C+t t2)+D( _,_1100)+G(212“mw)}='000011575. . (29)

From (26) and (28), we have
—— 00365343}

) (30)
and £,=27372

That is, from the thermo-dynamic experimental result (20), and the experimental result
(18) characteristic of the difference of temperature which we choose to call 100 from
the freezing-point upwards, showing the effect on the pressure of air,we have determined
the absolute thermo-dynamic temperature of the freezing-point. The result agrees
within one-twentieth of a degree with that which we obtained in Section II. by the
first plan, in which the same data as regards the increase of pressure of air from ¢, to

t,+100° were used, but taken into account on different and apparently less satisfac-
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tory principles. From (22) and its equation of condition (19) we derive only a single
equation among the constants, which is as follows :—

At +B
(A_QQ’_T< +t475+t2 >—-'008163. R €28

475

Another equation besides the three, (27), (29), and (31), is required to determine
the four remaining unknown constants, A, C, D, G; and is afforded by a determina-
tion of the density of air, which has been most accurately given by REeNavLT, who
finds that the weight of 26224 cubic feet of air at constant temperature 0° Cent. and
constant atmospheric pressure, in lat. 45°, amounts to the same as the pressure per
square foot, a result which is expressed by the equation

I1®=26224.
Here II denotes the value of p in the empirical formula (17), which corresponds to

t=t,, (the absolute temperature of the freezing-point,) and v==®. Hence we have
the equation

Al+BHCH24+0=26224. . . . . . . . (32)
0 0

Calling 26224, H, (the “height of the homogeneous atmosphere”) for brevity, and
denoting the true value of A¢, by 3, which must be very nearly equal to H, we may
simplify the treatment of the four equations by taking the approximate value H for
At,, in three of them, (27), (29), (81), without losing accuracy, and we may after-
wards use (32) to determine the exact value of ). Accordingly (and to avoid subse-
quent confusion of algebraic signs in the numerical results) it is convenient to
assume

C=—%He, D=BHB, G=—Hy. . . . . . . (383)

Then, taking everywhere B=0 as we have found it, we have, instead of (32), (27),
(29), (31) respectively,

Bl—etf—f)=H. . . ... ... e
4y IK 4,+17 . .
2“ t0+17+ t +l7)2—— H . to ] x 26 o . . . ° . ° . . . ° . . . (55)
100 100
10005——( Hwo)ﬁ+(t2 +¢0 (t0+100 >fy__100t><000011575 . (36)
and ‘ ,
B y to+475 .
o= i T ( : >x008163.. N € 76

Reducing to numbers the coefficients of «, 3, ¥, and the other terms, by using the
value 27372 found above (30) for ¢,; 1390 for J; and -238 for K according to the
observations and theoretical conclusion regarding the absolute value of the specific
heat of air under constant pressure, published in Notes to Mr. JouLE’s paper on the
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Air-Engine, since confirmed by ReceNauLr's observations ; we have three simple
equations for determining the three unknown quantities, o, 3, ¥; and then a single
simple equation (34) for determining 3. By solving these, we find

2='0012811"
=1'3918
° (38)
y=3853'20
h=26247-9 |
Using these and (33) in (17), we have
pv:H{t— (~0012811--—1—'?1fE fif;f)%} (39)

an empirical formula which represents the pressure of air, in terms of its temperature
on the absolute thermo-dynamic scale and its density, consistently with REeNauLT’s
observations on the increase of pressure from 0° to 100° Cent. and on the compres-
sibility at 475 Cent., and consistently with our own on the thermal effects of air at
the temperature 17° Cent., forced with various pressures through a porous body.

It also agrees perfectly with REaNauLT’s observations on the expansion of air under
constant pressure.

The only other observations on the variations of pressure and density available for
testing the formula, are REGNauLT's comparisons of different air-thermometers. The
Table at the end of Section IV., which has been calculated from our empirical
formula (39), shows, in its second and third columns, the indications to be expected
of constant-volume and of constant-pressure air-thermometers in terms of tempe-
rature on the absolute thermo-dynamic scale; and the differences between the
numbers show the discrepancies to be expected between different air-thermometers
themselves. These discrepancies, although considerably greater than have been
observed by REGNAULT on thermometers with air at different densities or pressures
of from half to double those of the standard, appear to be within, or scarcely to exceed,
the limits of errors of observation. If further examination of this subject proves that
there is in reality a closer agreement between air-thermometers than shown in the
Table, it will be necessary to introduce another equation of condition to reconcile
them, and to determine another constant in the general empirical formula for p. At
present however we do not think it necessary to take up this question, as we hope
soon to have much more extensive experimental data on the cooling effects, with
more varied pressures and at different temperatures ; which should both show whether
any other functions of the density than that of simple proportionality will be required,
and enable us to determine other terms of the series in descending powers of ¢, and
will so give us probably a much more exact empirical formula for air than all the
data at present available enable us to obtain.

We have also calculated formulae for the specific heats of air under constant pres-
sure and constant volume, by which the variations of these elements with the tempe-
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rature and density are determined. Should they turn out to be inconsistent with
facts, other equations of condition will have to be introduced and other constants of
the empirical formula determined, to do away with the discrepancies; but probably
no experiments have yet been made of sufficient accuracy to test them.

The following expressions are derived from the general equations (7) and (8) for
the mechanical values of the specific heats of a fluid, by substituting for p the parti-
cular expressions for the case of air afforded by the empirical formula (39), and inte
grating the second of the two results with reference to v :—

2H 2 3\ P
IR-N=2+F(a=T+F)T - - - - . . 4O

oH [— ®
JN:JJ)Q.{-T(—;E.F%Z);, N 1)

in the second of which, JI? denotes the value of JN when v=c0, Using a similar

notation JB with reference to the specific heat of air at constant pressure, we have
from these two equations,

T=IBAE . . (42)
2H 3 6y\ ©
JK:J{B"I‘T(“—T{;‘{'}%);; R %))
or with % Et‘—’ instead of %2,
H 38 .6
JK=J11$+21J°<“-7‘3+—[Z>%. N 7))

Lastly, denoting the ratio of the specific heats, —g, by %, and the particular value, %:

corresponding to the case of extreme dilatation, by &, we have, to the same degree of
approximation as the other expressions,

Hf (3—k —3k)y|®
k=k+;wt{a—(gt)’3+(6 s )"’}—.. C e (45)

v

In the Notes to Mr. JouLe’s paper on the Air-Engine*, it was shown that if MAYER's
hypothesis be true we must have approximately,

K='2374 and N="1684,
because observations on the velocity of sound, with Larrace’s theory, demonstrate that
k=1410
within '7'(1)_6 of its own value. Now the experiments at present communicated to the

Royal Society prove a very remarkable approximation to the truth in that hypothesis
(see above, Section 1.), and we may therefore use these values as very close approxi-
mations to the specific heats of air. The experiments on the friction of fluids and solids

* Philosophical Transactions, March 1852, p. 82.
MDCCCLIV. 3 A
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made for the purpose of determining the mechanical value of heat*, give for J the value
1390 ; and we therefore have JN=234-1 with sufficient accuracy for use in calculating
small terms. Calculating accordingly, with this for JN, and with the value 1-41 for £,

. @,
the coefficient of — in (45), we find,

for =273'7 (temperature 0° Cent.), k=k+'00126x—(§

. . (46)
and for t=293"7 (temperature 20° Cent.), lc=it-|—°00076><g2

v

Now according to Reenavrr we have, for dry air at the freezing-point, in the

latitude of Paris,
H=26215;

and since the force of gravity at Paris, with reference to a foot as the unit of space
and a second as the unit of time, is 32:1813, it follows that the velocity of sound in
dry air at 0° Cent. would be, according to NEwToN’s unmodified theory,.

A/ 26215 X 32:1813 =91849,
or in reality, according to Larrack’s theory,

vEk.n/26215 % 32°1813.
But according to Bravars and MarTiINs it is in reality

10905, which requires that £=1-4096,

or according to MorL and Van Beck
1090°1, which requires that £==1-4086.
The mean of these values of % is 1-4091. If this be the true value of & for 0° Cent.

‘ . (P . . .
and the standard density <;=1>, the correction shown in (46) above would give

k=140784;
or if it be the true value of % for air of the standard density, and the temperature 20°
Cent., the correction will give
k=140834.
Which of these hypotheses is most near the truth, might possibly be ascertained by
reference to the original observations on the velocity of sound from which the pre-
ceding results reduced to the temperature 0° were obtained, but as the actual tempe.
ratures of the air must in all probability have been between 0° and 20° Cent., without
going into the details of the calculations by which the reductions to 0° have been
made, we may feel confident that & cannot differ much from either of the two pre-
ceding estimates, and we may take their mean,
| k=14081, . . . . . . . . .. . (47
as probably a very close approximation to the truth. Now we have seen above that

* Philosophical Transactions, 1849.
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$H =26247'9, and since £,=273'7, we have, by (42),
JB—IM=959003. . . . . . . . . . . . (48)

From this, and the preceding value of § (or 3%)’ we have

JIN=134'9921
m=330,8924}. i s e (49)

Using these, and the values of «, 3, and y obtained above, in the preceding expres-
sions (40), (41), (45) and (44), and calculating for every 20° of temperature from
0° Cent. to 300° we obtain the results shown in the following Table; the assumptions

:—2—?(06—-2764-?%)
g=gz}£(%é+§%’)

being made merely for convenience in exhibiting the formulee and mode of calcula-
tion along with the results.

. (50)

Table of the Specific Heats of Air.

L I I11. IV.
Tem;f;era- Difference of mechanical | Mechanical value of specific Ratio of specific h Mechanical value of specific
tfure O | yalues of specific heats, | heat at constant volume, atio °1 Specific eats(i’ heat at constant pressure,
ointe | JK—IN=R 2 IN=JR+42 E=bt1m (Fro=k9) o | JR=TR+D(,rg)2
;’0";13, L7 = U In v = +—t~ +9)ﬁ~
_—
) ®

0 959003410080 x > 234:9921 4+ 1-7376 X %) 1-4081 4001262 x e 3308924 4 2:7457 X %
v

20 [95:9003+ 7306 ,, | 234:9921+1:3486 ,, | 1-4081++000759 ,, | 3308924419376 ,,
40 [95°9003+ 5314 ,, | 234:9921+1:0594 ,, | 1-4081+:000404 , | 330-8924 4-1-3880 ,,
60 [95°9003+ 3862 ,, | 234:9921 + -8408 ,, | 1-4081+:000177 ,, | 330-8924+41-0064 ,,
80 [95°9003+ 2792 ,, | 2349921+ -6731 ,, | 1-40814°000014 ,, | 330-8924-+ 7369 ,,
100 [95:9003+ 1994 ,, | 234:9921+ 5426 ,, | 1-4081—:000098 ,, | 33089244+ 5435 ,,
120 (9590034 1396 ,, | 234:9921+ 4401 ,, | 14081 —-000175 ,, | 33089244 -4030 ,,
140 (95°9003+ 0944 ,, | 234:9921 4 -3587 ,, | 14081—-000225 ,, | 330-8924+ -2997 ,,
160 959003+ 0601 , | 234:9921 2934 ,, | 1-4081—:000256 ,, | 3308924+ -2331
180 [95°00034+ -0345 ,, | 234-99214 -2412 ,, | 1-4081—:000275 ,, | 330-8924+ -1663 ,,
200 (9590034 0141 ,, | 234:9921 4 -1977 ,, | 1-4081—-000285 ,, | 330-8924+ 1223 ,,
220  |95°9003— +0010 ,, | 2349921 4 +1625 ,, | 1-4081—-000288 ,, | 3308924+ 0895
240 [95°9003— -0125 ,, | 2349921+ +1334 ,, | 1°4081—-000286 ,, | 330-8924 -0644
260 [95:9003— 0211 ,, | 234:9921 4 +1094 ,, | 1-4081—+000282 ,, | 330-8924-+ -0453 ,,
280  |95°9003— 0275 ,, | 234:9921 4 0893 ,, | 144081 —-000274 | 3308924+ -0306 ,,
300 |95°9003— -0322 ,, | 234-9921 4 0726 ,, | 1°4081—-000263 , | 3308924+ 0193 ,,

»

2”
»”

The mean value of JK for air at constant pressure p, and for the range of tempe-
rature from ¢ to £ obtained by integrating equation (44) with reference to ¢ between
those limits, and dividing by ¢—#, is

HC 1 1 1 1 1 1
J K+T_7{2“(7—7) —36(72—55) +27<?3_?5)}% :
and this divided by J expresses the element actually observed in experiments such as
342
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have hitherto been made on the specific heat of air at constant pressure. The theo-
retical results, according to this expression and to the determination 1390 for J, are
as follow for several particular cases i~

Mean specific heat of | Mean specific heat of
Range of temperature. | eir at atmospherie | air at five times the
pressure. atmospheric pressure.
Cent. degrees.
0 to 100 2390 2428
0 to 800 *2384 2396

The comparison of these results with sufficiently accurate direct experiments on
the specific heat of air at the atmospheric pressure, might lead to a correction on the
value 1390 found for J by direct experiments on the generation of heat by friction ;
but it must depend on the evidence afforded by accounts of the experimental details,
whether the value of the mechanical equivalent of the thermal unit is to be corrected
from them, or whether we may assume the preceding results as nearer the truth than
the results which they indicate. No such evidence, nor any demonstrating whether
or not the influence of change of pressure is such as shown in the preceding Tables,
has as yet been published.
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