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The mean of these meéasurements is equal to '21:0609,

exactly agreeing with the value found by Fabry and Perot.
It is to be remarked that we have here wsed only for

convenience sake one of the yellow lines of mercury as a

reference line; evidently the cﬁﬁ'erﬂnce in wave-lengths can

be easily referred to standard lines of cadmium. . We believe.

that the present method can be applied to various other

purposes of accurate spectroscopic work.
- August 7, 1913,

AlLL. The Classification of Electromagnatic Fields, By
H. Bareman, M.A., Ph.D., Johnston Research Scholar,
Johns Hopkins University *.

§ 1. FIYHE field of the two vectors E, H will be called
electromagnetic when Maxwell’s equations
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are satisfied for some real domain of the variables , v, 2, ¢.
In general these equations cannot be regarded as holding
for all real values of z, y, z, £, and the exceptional space-time
points or domains of such points are to be regarded as the
singularities of the electromagnetic field f. . .
he simplest t{'pe of point singularity is one which moves
with a velocity less than unity, along an arbitrary curve.
If we solve equations (1) in the usual way with the aid of
four potentials A,, Ay, A,, ® satisfying the wave-equation
0°Q  9'2  9*2 '
dat Taptya=3a - - + - (2)
and the relations
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* Communicated by the Author.

T We shall suppose that E:, H;, &c., are one-valued functions of
Z, Y, &, ¢ for the whole of the real domain of these variables, the point

smngularities being excluded.
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an electromagnetic field with this simple type of singularity

15 obtained by putting

M*™ % M~
where 7, M are defined by the equations
[e—EM P+ [y =D+ ==~ 27, (6)
E ()49 (m)+ (1) < 1, ... (D
- M=F(r)[e—E]+n' (D [y—n]+ (D [z=E]1=(t—7). (8)

If all these conditions are satisfied, there is only one

value of T for each point (2, ¥, z, t), and M only vanishes
when all the terms in (6) are zero, : e¢. when 2, v, 2, ¢
coincides with the moving-point (&, %, £) *. This electro-
magnetic field, which was discovered by Liénard, is rightly
regarded as being of fundamental irportance in the electron
theory of matter, and electromagnetic fields which can be
obtained by superposing a number of fields of this simple
type are studied almost exclusively.
-~ For the sake of thoroughness, however, 1t 1s desirable that
all types of electromagnetic fields should be studied, the aim
being, if possible, to discover a number of fundamental types
from which all real electromagnetic fields can be derived by
superposition t. | |

§ 2. Solutions analogous to Lienard’s may be obtained by
discarding the inequaﬁty (7), or by considering complex
functions £, 5, £ and a complex variable 7, or, finally, by
putling

A=z E0)) A=570 A =32 EW a0, (9)

where the summation extends over Ival'ues of u for which §
[e—E0) P+ [y—n( ]+ [z~ {w)*=#, . (10)
and  M=¢()[&—&]+2'()[y—n] +£ ()= ). (11)
In the first case the singularity (&, 9, {, 7) travels with a

r r 1

# For further details, see Bchott’s ¢ Electromagnetic Radiation.

+ Differentiations with regard to the variables x, y, 2, ¢ are supposed
to be included, as well as integrations with regard to variable para-
meters.

i Any finite number of roots may be chosen and the signs in (9)
distributed arbitrarily and Maxwell’s equations will be satisfied. In
making a choice of the roots and signa we must endeavour to make the
components of ¥ and H single-valued functions of z, ¥, %, .
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velocity greater than or equal to that of light. This case
has been discussed at some length by Sommerfeld and
Schott (1. ¢.). In the case of the electromagnetic field
defined by the potentials (9) there are primary mingularities
distributed along the curve a=§(u), y=ny(u), z=8(u) at
time ¢=0, and these give rise to secondary singularities
which at time ¢ lie on a tubular surface having tﬁ: given
curve as axis. If we write #—a, y—8, z—¢, t—7 in place
of 2, y, z, t, and integrate over a suitable domain of the
variables a, b, ¢, , we may get rid of the awkward infinities
of the electric and magnetic vectors, but the derivatives of
these vectors will not all be continuous over the regions
occupied by these infinities. The chief peculiarity of an
electromagnetio field of this kind is that a portion of matter
sends out radiations for a finite interval of time, and the
radiations, which seem to be partly of a material nature, travel
outwards with the velocity of light. The radiated matter,
however, seems generally to fill the spaces between a number
of pairs of moving surfaces, and so the present type of
eleciromagnetio field is essentially different from any of the
fields which have so far been observed in nature.

An electromagnetic field of a more promising nature is
obtained by writing

[ m\u au 1
M=E%)"1 Ay:E ():r A:._':E%’ lbzzm, ' (12)
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where the summation extends over some of the values of u
for which equation {10) is satisfied and

PA4m?P+4+ni=1, . . . . . (13)
E+my +nl'=0, . . . . . (14)
w={l(x~&)+mly—n)+tn(z—E—t. . . (15)

If 1, m, n are real, the quantity w vanishes only when

@:g___yﬂ;g_f'gmt .. . (16)

/ m n 1

The singularities of the electromagnetic field may be
described by saying that there are guns distributed along

the curve . |
e=§Ew), y=n(u), 2=f{w). . . . (A7)

Each gun points in a direction at right angles to the
curve, and fires out a singularity or bullet at time t=0. The
bullets all move in straight lines with the velocity of light.

N p+wv=pw, A+ mopt+ ngy=pyw, o+ mpo+ nvo=pa,,
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This type of electromagnetic field may be generalized by
integration just like the previous one. In the resulting
electromagnetic field material particles are fired out from a
material wire for a certain ‘interval of time, and t:_hase
particles move along straight lines with the velocity of light.
The way in which the shape and size of such a particle varies
during 1ts motion has not yet been ascertained. .

§ 3. We shall now discuss another class of electromagnetic
fields in which the radiated energy is concentrated round
certain moving points which travel with the speed of light,
but in this case the difficulty with regard to the roots of (10)
is absent. | .

Defining 7 as before by means of equations (6) and (7),
we choose 16 functions of 7 which satisfy the equations

P+ m? 4 n*=p7, lo?+ m* + ng’ = o’ . Mt it vi=a } (18)

lﬂﬂ + Pﬂﬂl+ Fnﬂ — ﬁrﬁgj

}. (19)

loho + Moo + NV == Po@ s
and write

w = l(e—§)+m(y—n)+n(z—8§) —p(ft—T), )

o= o€ Fmaly—m) Eno(e= D =p(1= ) |
o = Ae—E) +uly—n)+v(z—)—mlt—7),
ao= No(#—E) + o (y—n) + vo(c— &) — ot —7). /

If M is defined by equation (8), it is easy to prove that
when fand F are arbitrary functions the expressions

asjir) omkr() - o
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satisfy the wave-equation (2), and that the potentials
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(22)

M1_1=+Mwu_ IM?

which consequently satisfy (2), are conmected by the re-

lation (3). *
The electromagnetic field specified by these potentials has

singularities at space-time points for which o, is zero. To
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see this we remark that there is a relation of the form
cog=0wwy,, . . , . « . (23)

where & i some function of 7. The existence of a relation
of this type 1s easily realized by considering the particular

case when py=p, wy=w, and

Y A ' A TR

Ty u=0, "-“,? V=P

=" S St
M=t" =0, == b (24)

= (g, m = \/1:_;5"_— q°, n=~>0

lo= ¢, ity = *\/ﬁjﬂ_ﬂ?gi =0,

The relation (23) is then verified at once by using (6).

Since the general values of A, u, v, &c., may be derived
from these particular ones by a suitable orthogonal sub-
stitution, it is easy to see that a relation of type (23) holds
universally, '

We shall now assume that A, u, v, @, Ay, e, vy, wo ave all
real, then it is easily seen that o, is zero when

r—& y—n z—={ t-—7
Ao Mo Vo Ty

Hence the electromagnetic field has a singularity which
starts from the point (&, 5, £, 7) and moves with the speed of
hght along a straight line whose direction cosines are pro-
portional to (Ag, fty, ¥y). Taking each point (&, 9, & 7) in
turn, we obtain all the singularities of the field in this way.
The moving point (€, n, £, 7) may be described as a gun
which moves about in an arbitrary preseribed manner and
fires out ‘ bullets” which travel with the speed of light.
The direetion in which the gun points at any instant can. be
chosen arbitrarily provided the differential coefficients of the
functions A, u, v . . . are continuous. .

After a long calculation we find that- the component of
the electric force along the radius from (£, 9, §, 7) to the
point (z, ¥, z, t) at which the force is required is

2 op 7P

pE A +pn vl — ) — g — M,

where
p =g +my" +nf —p,

o= ZDE; + mo"?r + ngd’ — Po-
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We shall assume that p and p, vanish so that our expression
may be finite for ao,=0. .

Integrating over the surface of a sphere for which ¢ -+

is constant, we find that the total charge associated with the

aingularity (&, 7, &, T) 18 ..
AN v uny + v —w
8m . f“—ETE-—'T]FE“—?E :
In general the charge varies with 7: to make it constant

we must introduce a restriction such as
AN 4 un +vE —w=E"+ 92+ 1. . . (25)
- If, in particular, we take w=1, this condition implies that
the angle between the direction of the gun and the direction
of the gun’s motion has a cosine equal to v, where v is the
velocity of the gun. We may get rnid of the charge at
the singularity (&, », §, r) by adding suitable multiples of
Liénarc% s potentials (3). To siumplily our expressions, we
shall add to (19) the additional equations
a=wy=p=py=1, E+mn +nl=1, LE+mm +nl =1,
(26)
which, together with (19), lead to (25). The electro-
magnetic field specified by the potentials
. l o  , ¢ A=F 7
A'C_EM'ZE?-l-EMwﬂ_ M 7 |
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b= EM_(E? + (1) ’ J

then has no charge associated wit}{ the singularity (£, 9, &, 7),
and both the electric and magnetic forces at (x, y, 2, #) are
perpendicular to the radius from (£, 7, {, 7).

If we add to (27) the field specified by the potentials
G la Loy M—E 1
Az = oM w T 2Mw, M

m o, My Gy Iy

A =M w t oM e,
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D _Bbfl(*w+wu ’ )
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and make use of the relations
}.,-]-}Ln:ﬂf', F,-l-m:.Z:q’, P—i«-vamﬂé‘:’, F*{*G'QHEM, . (29)
‘we obtain the field specified by the potentials

A me m
Tl — ﬂ
dyr = — — a, = - —
il g =t s
_ - . (30)
n  n |
{Izﬂ-'—l--——-, ¢’:_+“M'

The properties of this type of electromagnetic field have
been discussed in a previous paper *. |

When w, wy, o, oy are defined by equations (19) the
-electromagnetic field specified by the potentials

; l [+ fn 43 4 m mﬂﬂ'
e =M My MMM w)

. (31)
A, =t 9T 9 =L _Pc
IAIwM’Iﬂ MW{)’ P M‘;ﬂ_MW{]:

has singularities at points for which ¢, is zero and the
electric charge associated with the point (£, 5, & 7) is zero.
If in addition equations (26) are satisfied and we add to the
Entantiala (31), the corresponding ones in which & is replaced

y oy, we obtain the potentials

: [ 1 . mo omy . n n
iy = — e — s By 2T o — Uy = e D
w Uy w o wy’ w o w,
| 32
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These specify an electromagnetic field in which both the
eleciric and magnetic forces at (w, y, 2, t) are perpendicular
to the radius from &, 9, &, 7. The field - singularities at
| g'?]inta where w and wy, and consequently « or o, are zero.

¢ moving point £, 9, {, 7 may be described as a gun which
fires out magnetic doublets in directions for which o and o,
vanishrespectively. If we write

z—f y=n_ e—§
t—r {Zr =P ¢

und treat «, 8, y as constants, the components of the electric

# Phil. Mag. Oet, 1913,
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and magnetic vectors may be expressed in the forms

- 1 d Zn—c: ) [ﬂ__'“ ___:I
B =t e Lt b =1 gt —i) |

i dr  vB—py _ voB—pey
=M drire+uB+ry—1" Aa+ poB +vey—i]’ |
(33)
¢ Idﬁd*r[

__tdr  A—a Mma
M df,Lhat-l- wB4+vy—1 Ao+ B+ vyy—1]°
With the aid of these expressions we can show that the
lines of electric and magnetic force on a sphere whose
centre is at (& #, £, v) are such that when the sphere is
inverted into a plane the electric lines of force are repre-
sented by the equipotential lines due to two doublets, and
the magnetic lines of force by the corresponding stream
lines, the flow being in two cﬁmenai&ns. The bullets are

thus magnetic doublets.

§4. A very general type of electromagnetic field in which
the electric and magnetic forces at 2, », 2, ¢ are perpendicular
to the radius from £, n, &, 7 may be obtained as fnﬁnws —

Let w, w,, o be defined by equations (20) and write

0=f (5 )+ /(20 7)
thggf'g, Hﬁ%%l—,} HF%&EH

g 30 o 367 p _367 j (34)
R CID R A )

. a o
(44 _f(‘lm-[;, T) — ][.(I'EJ, T),
we have also

H =) Hy=__a(."ﬁ_'_") H = o, 1)

= 3 1) 0D M o

= 9wn g _ omm)  p )
Be= 300 " 3me) = 3(my)

and it 18 evident from these two sets of relations that
Maxwell’s equations (1) are satisfied.

la 4 mﬁ‘-%-;lry—-—-l Ly b g8 + nyy—1]1’ J

Then if
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To verify these identities we have to show that if
=0+iwv=27(~ )
s=0+w=2f (w » 7))

@“(31 T) — ia('ﬁ'& T) B(S? T_) . ia(‘?! T) B(Sr T) _ ial‘fﬂﬁ T)
o(y.2) 0%, 1) (s Oy t) dlmy) o b

Now we find at once that

(§1) +&) +(3 =y

o5 o1 'Q".ﬁ_?_aT“I"jﬁS OT Osar

dedw " dydy  0:0c Ot

@)+ G + @) -G

?S 3(3: T) as a("g# T) a_‘? a(‘?’ T) _

3¢ Bz, ) T oy, T V= T
oT o(s,7) o7 o(s,7) Ot (s, ) _ 0.

37 3w, 1) T 9y 3y, ) T 023G, )
Hence it will be sufficient to verify the first of the
equations (36). To do this we must show that -
(#BT oT ’MBT y a'r)w oT _OT 0T . OF

z pay ot Jﬂam

If now we use the values (24) this relation is easily seen
to be satishied in virtue of (6). We may infer, then, that it is
satisficd in the general case.

In the electromagnetic field (34) the electric and magnetic
forces at (z, v, 2, t) are at right angles to the radius from
(€, n, &, 7) ; they are also at right angles to one another and
equal in mwagnitude. The moving pownt (& #, & ) again
has the character of a gun which fires out bullets which
move with the speed of light and are singularities of the
electromagnetic field.

The lines of electric and magnetic force on a sphere whose
centre is the point (&, », §, 7) are easily drawn. It follows
at once from (34) and (35) that the magnetic lines of force
are given by @=constant and tho electric lines of forco by

0,

v=constant, By choosing the function f(:; , 'r) 1n a suitable

way we cun make the distribution ot the lines of force satisty
certain prescribed conditions.

(36)
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yJ. The electromagnetic fields of sections 3 and 4 may
evidently be generahized by writing w+a, y+0b, z+¢, t-+e
in place of =, y, z, ¢ and Integrating over some domain of
the point (a, b, ¢, €). It should be possible in this way to
oct rid of the point singularities and replace them by
material particles throughout which the electric and mag-
netic forces are finite, but do not necessarily satisty Maxwell’s
equations, . .

The electromagnetic fields of sections 3 and 4 may also be
generalized by adopting the method of scction 2, but the
analysis 1s not of sufficient interest to be given in detail.

The discussion of the singularities which has been given
here 1s not exhaustive, for we have omitted the case of
moving singularities at infinity ; the fields which are oh-
tained in this way, however, may be regarded as limiting
cases of those which have already been discussed. The case
of a primary singularity which moves with a velocity greater
than that of light has been mentioned only very briefly.
The investigation given in Schott’s ¢ Electromagnetic Radia-
tion’ will give an 1dea of what is to be expected in this case.

Summing up the results of our investigations we are able
to enumerate four distinet types of elementary electro-
magnetic fields.

In a field of the first type there is one point singularity
which moves with a velocity less than that of light, and a
constant electric charge is associated with the singularity.
An electromagnetic field which can be obtained by super-
posing elementary fields of the first type will be said to
bolong to clags A. We shall include under class A’ fields
which can be obtained by superposing the fields due to
Hertzian oscillators in motion, an elementary field of thig
type being represented by the potentials *

o

—eurl T 9% o o _diva—Y
A=cur]l I £y + ygrad ¥, O =div () 30 (37)

where the vectors I', ) and the scalar VW are functions of the

type f(—, 7 and M having the same meaning as in §1.

It is probable that all fields of class A’ can be regarded as
belonging to class A.

In a field of the second type there 1s a point singularity
(the gun) which moves with a velocity less than that of light,
and point singularifies are fired out from the gun with

#*# These are immediate generalizations of the potentials used by
Prof. I, T, Whittaker, Proc, London Math. Soc. ser. 2, vol. i, (1903).

Plil. Mag. 8. 6. Vol. 27. No. 157. Jan. 1914. L.
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velocities equal to that of light, an electromagnetic field
which is built up from elementary fields of this type will be
said to belong to class B.

In a field of the third type the primary singularities lie
along a curve at some instant 7, at any subsequent time
there are singularities distributed all over a tubular surface
having the curve as axis. An electromagnetic field which is
built up from elementary fields of this type will ba said to
belong to class C.

In a field of the fourth type the primary singularity moves
with a velocity which is sometimes (or always) greater than
that of light, and secondary singularities are fired out in
various directions with the velocity of light. An electro-
magnetic field which is built up from elementary fields of
this type will be said to belong to class D,

It is ‘possible that all these different types of eleciro-
magnetic fields can be obtained from a single fundamental
' type by superposition. The fundamental solution of the
equation of wave-motion which seems to be the most suitable
for such a purpose is of the form '

1
" (—a)+ (=0 + G—c) = (t—e)?

Me—a) +py—b) +v(z—c) —w(t—¢)

)':*f (z—a)+m(y—06)+ ﬂ(;—-c) —p(t:un'é)" 7

where a, b, ¢, €, I, m, n,p, A, u, v, w are constants satisfying
equations (18) and (19). To obtain from- this a solution of
the form (21) we must either regard a, b, ¢ as functions of
the complex variable ¢ and integrate round a closed contour
in the complex plane®, or else regard a, b, ¢ as fanctions of
the real variable e and take the principal value of an integral.
The difficulties of the analysis are, however, so great that it
gseoms better to retain the four different classes of fields
with the understanding that it may be necessary to supple-
ment them.

When the list is complete any real field which can be
derived by superposition from potentials of type (38) and
which is such that the electric and magnetic forces never
become infinite (although they may not satisfy Maxwell’s
equations over the whole domuain of the real variables
x, y, 2, t), ought to be obtainable by superposition from
fields belonging to the different classes. A quesiion which

. (38)

#* This method has been used by Prof. A, W. Conway to obtain
Liénard’s potentials. Proc. London Math. Soe. ser. 2, vol. i.
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will then have to bo settled is that of the uniqueness of the
representation. 1t seems likely that there is only one set
of elementary fields which, when added together, will be
equivalent to a given electromagnetic field for the whole
domain of the real variables @, y, 2, ¢, but this proposition
evidently requires proof.

A further difficulty arises from the fact that we can find
wave-functions whicg are homogeneous functions of degree »
in z—a, y—b, z—e6, {—e, where n is not an integer, There

are also many valued wave - functions such ag tan-1".,
W

Electromagnetic fields in which the components of E and H
are represented by wave-functions of this type are, however,
excluded by the condition, stated at the outset, that tho
components of E and H must be one-valued fanections of
Z, Y, z, t.for the whole real domain of these variables.

_ L —
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XIV. On the Action of a disturbing Force in the restricted
Problem of Three Bodies. By R, J. Pocook, B.A.,
B.Se., Queen’s College, Oxford *.

IN the restricted problem of three bodies, let H, J re-
present the two larger bodies, P the particle. Let J

be of mass unity, H of mass v, and take HJ as unit distance.

Let n be the mean angular velocity of J; #, p the bipolar

co-ordinates of P referred to H and J. Then with reference
to HJ and a perpendicular thereto through the C. G, of H &
J as moving axes rotating with angular velocity », we have
the equations

L--"ﬂ.n.y_—.ﬁwj
dz }) 2
. 0 w=vtl,
y+2.n.0= -
oy )
2 2
29:p(?2+;)+92+f—); r=a'ty; pl=(2—1)+y

These equations admit of Jacobi’s integral, viz. :
Vi=a?492=20—C,

where V denotes the velocity of P and C is a constant.

2. Let us now suppose that an additional body S of mass u

18 Introduced into the system. It is assumed that S is small

* Communicated by the Author.
L2



