VIII. On the Radiation of Light from the Boundaries o
Ihffracting Apertures. by SUDHANSUHUMAH Baxeri,
M.Sec., Assistant Professor of Applhed Mathematics, Cal-
cutta University ™.

| Plates 111, & IV, ]

L. Introduction,

N his famous memoir on the mathematical theory of
diffraction, Sommerfeld T has given a rigorous treat-
ment of the effect of a semi-infinite perfectly reflecting
screen on the propagation of plane waves of light through

the medium. Ouve of the most important results indicated

by his investigation is that the diffraction effect due to the
screcn may be regarded as due to eylindrical waves emitted
by its edge, the intensity of which 18 different In different
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“of Foucault’s test by Lord Rayleigh *. The present investi-

gation was, in fact, suggested by a perusal of Lord Rayleigh’s
paper, and the photographs reproduced in Plate 1V. were
taken with an arrangement analogous to that used in
Fm:mmﬂt"s test, though I have also made visual ohser-
vations in the cases in which the incident waves do not
converge to a focus in the plane of the gecond screen.

The most remarkable result found in the course of the
experimontal work (and which, so far as I know, has not
been noticed by any previous writer) is that in all cases in
which the apertures in the focal plane through which the
diffracted rays pass (whatover be their actual form) ave
symmetrically disposed about the centre of the field, the

latter itself being excluded, the image of the boundary

of the diffracting surface appears as a perfectly black line
surrounded on either side by luminous bands. This ig

directions, these waves alone being operative in the region
of shadow, but in the other regions appearing supoerposed

irrespective of the actual form of the boundary itself, that
15, whether it is circular or of any other shape whatsoever.

A similar result 1s also found when the screen with the

‘upon and interfering with the reflected and transmitted * : _
. apertures 18 placed symmetrically in any plane either in

waves. Among the more recent writers who have observed y : : .
and studied the phenomena of the luminosity of a diffracting ﬂh vance oI or b_ehu]d the focus. ~When the apertures on
edoe experimentally may be mentioned (Gouy §, Wien §, E ) i?f screen are wide enough to admit a !arga portion of _the
E. Macy |, and Kalaschnikow 1. Iffraction pattern formed at the screen into the field of view
The present paper deals experimentally and theorctically of the observing telescope, this black line 15 characterized by
with the problem of the emission of light by the boundary i;}}itI"EII]E fineness and is surrounded on either side by broad
of a diffracting aperture of limited area and of specified uminous bands. ~Narrowing the apertures is, however,
form. 1 consider the actual form of the luminous fringes attended by an increase in the width of this blaq]{_ lino
seen at the boundary of a diffracting aperture when it 1s and the appearance of a large number of well-defined fringes
viewed solely by the diffracted light. To give the problem on either Sldﬂ:l This remarkable feature is explained in a
definiteness we have to assume that the aperture is viewed gfmeml. way 1f we regard each element of the edge ‘?f a
through a telescope focussed on its plane, the object-glass ot , 1ﬂ'11:aiut1rfg gperture as sending out two streams of light
the telescope being itself covered by a screen containing one H}-f ‘:ﬁ“mtmﬂﬁ more ]m less normal to itself (one on each side
or more apertures through which the diffracted light enters Dht © wav1e-:nﬂ*l*1na'),*and that those str cams are in opposite
the field of view. In these circumstances the luminosity phases. This is distinetly suggested by Sommerfeld’s well-~
appears practically confined to certain more or less well- II‘EHELWII; ]IIVEStlg?'iflﬂél on thff" diffraction of plane waves of
defined regions lying near the boundary of the aperture. l:g ; yl? 591:11_1'1{1 nite screen. Lhe expression given by
When the wave entering the first aperturc is convergent im for the radiation emitted by the edge is
and the object-glass of the observing telescope 1s. placed 1 -

in the focal plane, the mathematical treatment becomes i Cos {271'(%--,—},)-!‘2}\/ :\:— ——i—l ----- — 1 — |,
analogous to that given in a recent paper on the theory T k mﬂfﬁ!-;d) mst;b; ¢ |°

* (Clommunicated by Prof. C. V. Rlaman.

+ Math, Ann. Bd, xlvii. (1896),

t Gouy, Ann, d. Thys. et de Cham, (6), (8), p. 145 (18806).
§ Wien, Inaug. Diss,, Berlin, 1886,

| E. Maey, Wiedemann's dnnalen, xlix. (1893).
% Kalaschnikow, Journ. Russ. Phys. Ges. xliv. (1912),

where (7, ¢) are the coordinates of a point in the medium

_ * Lord Rayleigh, “ On Methods for detecting small Optieal Retarda-
tions, and on the Theory of IFoucault’s Test,” Phil. Mag. Feh, 1917,

Phil. Mag. 8. 6. Vol. 87. No. 217. Jan. 1919. I
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and ¢’ is the angle which the incident beam makes with the
screen. Lhis 1s valid everywhere except in two extremely
limited regions lying in the neighbourhood of the two
directions ¢p=m—¢@' and ¢ =m+¢', which indicate the
planes of transition between the regions of shadow and
of transmission and between the regions of transmission

and reflexion respectively. It will be noticed that in the

ncighbourhood of these two planes of transition, cne of
the two terms within the square bracket is very small in
comparison with the other, and may therefore be neglected.
The term which 18 retained changes sign when we pass from
one side of the plane of transition to the other. 1t is thus
seen that the plljlase of the radiation emitted by the edge
changes by = when we move from the region of shadow
into the region of light. If similarly we assume that each
element of the boundary of a diffracting eperture emits
radiations, the phase of which differs by 7 on the two sides
of the wave-normal passing through it, then the phenomena
described by me would be qualitatively explained. The
detailed mathematical treatment will, however, be given
in the course of the paper for the case of the circular and
rectangular boundaries.
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appear on either side of the boundary of the circular
aperture with this arrangement. The laminosity, as in
the case of the simple knife-edge test, tends to zero at the
ends of a horizontal diameter. The explanation of this
fatctand of the peculiar form of the fringes will appear
ater.

More striking still are tho interferenca phenomena
obtained when the boundary is ohserved throngh a pair
of apertures of the same form placed in the focal plane.

- With two horizontal slits placed on the same side of the

centre of the field, lunette-shaped interference fringes are
obgerved, the central fringe which coincides with the
boundary being white (Pl 1IL. fig. 15). But when two
horizontal slits are placed on opposite sides of the centre
of the field, the central jringe is black——in other words, the
boundary of the aperture is itself non-luminons but appears
surrounced on either side by luminous bands (PI. ITL. fig. 6).
As has been remarked in the introduction, this remarkable
fact is one of great gencrality. Fig.16in PI. ITT. represents
the appearance of the circular boundary when a horizontal
wire 18 placed across the centre of the focal plane. A fine

2, Case of the Circular Bﬂmﬂaﬂy.

The optical surfaces examined by the well-known *“ knife-
edge " test due to Foucault are most frequently limited by a
circular aperture®, the illumination being that due to a point
source. Fig. 9 (PL IIL.) reproduces a photograph of the
luminosity observed at the boundary when the ﬁnife-edge i8
put in horizontally into the focal plane from below so as to
cut off most of the light. It will be noticed that the
luminosity 18 a maximum on the upper and the lower
boundaries, and diminishes to zero at the ends of a hori-
zontal diameter., In order to give definiteness to a
discussion of this effect, it is necessary to postulate some
specified forms for the boundaries of the apertures in the
focal plane which admit the diffracted rays into the field
of view of the observing telescope. For instance, we may
assume that a horizontal slit is placed in the focal plane
below the centre of the field. Fig, 12, Plate ITI., repro-
duces the beautiful lunette-shaped diffraction-fringes that

* See the memolrs by Draper and Ritchey “ On the Construction of a

Bilvered Glass Telescope,” Smithsonian Contributions to Knowledge,
vol. xxx1v, (1904).

black line may be seen running through the luminous ares
and dividing them into two. A case that admits of detailed
mathematical treatment is that in which the arrangement ig
completely symmetrical about the axis. Ifigs. 7&101n P, IT1.
show tho results obtained when the central part of the
field at the focal plane is blocked out by a circular disk and
only the diffracted rays passing through an annulus of
greater or less width surrounding it enter the observing
telescope. It will be seen that in both photographs the
boundary appears as a perfectly black circle, with luminous
rings on elther side of it, |

Liet R be the radius of the circular aperture of the lens,
and assume that in the focal plane there is a screen con. ,

talning an annular aperture, R,, IR, being the radii of the
circles defining the annulus. Let ¢ be tho angle of
diffraction of parallel rays which meet at any point Q
m the focal plane. Since the path-dilterence between

the rays leaving a point (r, ) and the centre of the
diffracting aperture 1s evidently » cos @ sin ¢, the diffracted
disturbance al a point in the focal plane due to an area

rd@dr can be written in the form

: l  rcos@sin };'3‘* '
rsin 27 jm—- — .
( i ) dodr

12
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The total disturbance at Q in the focal plane is therefore

j‘ %3111 sin ﬂw(fiﬂ_?‘ﬂmism) dbdr. . . - D)
0 &0

The rays from the various elements‘r"dﬂ"dr’ of the second
aperture may be regarded as meeling 1nl i;hfe field of the
observing telescope proceeding =51t an a.Pgle-¢; Wlt.h the axis
and producing the observed effect. The 13131:111 dlslturbanc:e-
in this direction due to the second aperturo 1s theretore,

an (YR, (*2¢ ("R t o cosfsing
‘1 e’ sin 2w\ —— 5 7~
w0 0

R, 0

y Y
_T{T_gi H-Eﬂ)fﬂ'r d@dr’ dd'. (2)

Since ¢ and ¢' are small quantities, the above expression
can be written as

o (OB, (2T R t ¢.rcost
r’ sin 2 T
0 R, v 0

L

This expression can bo veduced to the form

am ™ Iiy, - / ) ,r.r 108 H! ;
5. | SR [?" 31 297 (T ___qb ,: i )rh" df
v voxr R | ,‘ .
' X 5 S‘*r GGE(ETTE’) :-T—;?E H) dr dﬁ], (4)
0 |

the other integral being zero on account of symmetry of the
diffracting aperture.
But the integral

am (*R .7 cos O 2 RA 2m )
jv j 7 COS (2'71" -Eb k ){Z?'dﬂ e ;r"' 0 27T¢) Jl ‘1\, R#’ '
0

0

Therefore the expression (4) becomes

2 (R ; o' cos 8\ 1 Qar |
(2 ?"fdﬂ’d*?" SIIl Er(f ¢’ T.‘:{i).-‘#cjl (—7\, qu):r (5)
s .

T'
R,

neglecting a ‘cnnstant factor. | Ny
1 ' | IE"—. Thﬁ""
If  is the focal length of the lens, then ¢ 7

rod ! |
. —d\ ’ ?—}f% ¢ )dfr do dr' de'. (3)
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expression (5) can be written in the form

. A Yk Hﬂr ' g ¢ . 7" cos BI) .-i.] (EEB Pt
sin QWTJ; j;lr db’ dr' cos (271-- N 7\ aF

(R '+ cos O 2R,
+00527r{-,j j » d@' dr' sin (27r¢ d C(L)i, Jil| == .1*').
k4

0 A 7 Af

Since the second aperturelis also symmetrical about th'ﬁ
axis, the second integral is zero, for the elements of 1t
arising from two points situated at equal distances on

- opposite sides of a diameter are equal and of opposite signs.

Therefore the intensity as viewed in the direction ¢' is
Tar (‘R ) AN ; / | 'y R 2
I = [ ‘ ‘36’ dr' cos (271* P.7 L?i‘?—) J1 (few”"):\ :
o VR, A A
Intagrating with respect to ¢', we get
_ [ Ry (2wt ) (2. ) il
I — ..le Jo e J, XF r ) dr

(neglecting a constant factor).
If the angular semi-diameter of the lens be denoted by 4,

then R=#J. The expansion for the intensity can therefore
be written in the form

=[5 e (R )
-l

Since S 15 a very largo quantity, it 1z convenlent to use

semi-convergent expansions for J, and J;. We have

S ——

9 T\ ( 12, 37 12-5_2'52.712_
Jo@) =N/ [““5(‘”_1)11_'2_1'(83:_')“' 4! (8a)" }

: w\ (1 12.3%.5% 12.3°.5%.7%.9°% }]
+5111 (;23—1) {@“3! (8.,{});}-+ 5_! (8.1:‘)5 ‘.. ou 3
i s 3.5.1/1\?
Jl(m)-:\/é;.:fﬁ [s1n(¢'v—4){l+ 8 16 E)
| 3.5.7.9,1.3_._5(1)4_!_
T 8.16.24.32 & }
1 3.5.7.1.“_3 1)3 .
‘2z 8.16.24 (;r: -
3 1

- .5.7.91_.1.3.5.7(})5_ }] .
8§.16.24.32.40 \z/ "77)J
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Thus, when « is large,

e r 1 4
JG(QJ) — _7TL l:ﬂﬂg(.i?}—d)-i—g - ” )
’IB
E —_— “"‘*‘(*‘4‘)
=/ [in(s=1)e3 U8
Thercfore
"Ro / ¢ o
. (27 2ralr
Lo 5t
" 0 2\ ol 1( N .L (L
Qar 2T

I, L 27

_i [hﬁ j‘l‘t;‘: 311 _'/\, ('l!/""(i)r)ﬂ? | }\., j‘Rg COs I (‘l‘tf—l—(i)!)
nm[/qf)’ 2r- ?

da

Dar
e s yﬂs cos 2T (Yo— )

R, &

L 27 N
13 j.Rz s — (1]»_—]—(,1!_)2& .
- 32 7_‘_3(95; ‘4/‘) _Rl N

- 2
+ terms involving higher powers of 7»] :

- N HON
Taking R1=“—'$—--- RE:BJW*P"

Drralr’
constant factor),

[ = ¢,qu [{Si 50 (1—32)—:-311 3(1—3’;)}
--{Oi 50 (1+%)—013(1+f;’;)}
+m(... )+T

Caleulating the values of this expression for different

we obtain (neglecting a

values of %, we construct the following table (Table I.).

Plotting the values, we obtain a curve (fig. 1) representing
the distribution of intensity along any given diameter. The
fringes that appear on either side of the boundary are clearly
shown, the most remarkable feature being the extreme
rapidity with which the intensity falls practically to zero on
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Tanre 1.

! T I ; — .
P 1. '\/I' ( X const. factor). /Y. | ‘\/I‘ ( :-c:cnnﬂt]:fﬂﬁbﬂr).
0+00 — 162 262 102 — *BRY 7905
0-20 — 219 478 104 —-1'52% 23307
040 — 119 142 106 —-1-701 28011
0-60 + 2hH 60 108 — 1549 23909
0-80 + 819 6711 110 —1-269 160906
090 +~ +1-139 12402 1-20 — 1047 10964
0-92 + 1417 20076 1+40 — 359 1294
0-94 -+ 1662 27613 1'60 =+ 0558 a4
096 +1-405 19764 180 -+ 2h4 645
0-98 + 815 6649 200 + +3b¥ 1251
0-99 + 396 1571 2-4() + 101 102
100 + 073 53 260 — 054 29
101 — *Hh4 2746

the boundary itself (BB in the figure) from a large value

-~ on either side of it.

This feature depends on the inner

radius It; of the annulus being small and the outer radius R,

being very large, and is entirely confirmed by observations
under theso cenditions.

Fig. 1.

B

It the radii R, and R, of the annulus in the {focal
plane do not differ much, or if they are both large, the
brightness falls off to zero on the boundary, but not very
suddenly. A large number of well-defined fringes also
appear on either side of the boundary in the former case
(see, for instance, PL III. fig.-18). This will be shown
from the following calculations based on the data obtained
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from an actual experiment. The data were : Tasee 11, , 1
r valyuca
R="94 mm. f=272mm., R;=172mm, , — 1 Oﬂlcuiﬂft;c'ﬂﬂluﬁ Obseg}m;/\p y
' o | : | ¥y \/L ( X const, factor), for maximum for maxnuum
Ry = 2°61 mm., = 00045 mm. or minimum. or minimum.
. . {820 —05H36 2873 (885 min.
We thus obtain for this case , 0-R40 1957 15.801 0-999 max. 0-894
1 I— "' e o . | be . . qﬁf- l {900 —'08‘.)4 6,464 0904 min, ()-901
1= r 1 11220 (1 '"-'—)'—Lc'ﬁi 80'&!4(1— { - 0910 + 0908 ] 245
dyr L x ‘!: 'a 0920  +2179 47,481 0-922 ma. 0:930
. S oam [ - Y ' 0-930 41644 23,808
— { Ci 122-67 (1 —l—f\%) — {1 8084 (1 +$) } 0940 TG 6,068 0085 1mia. 0040
- {950 —3149 99,168 (9359 max, 0-957
_,_;\,( )+ Lo | . 0960 —-2761 76,231
S 0970 -+-0009 3,088 0971 min. 0971
0-975 2423 58,709
The values of this expression for different values of ¢’ [r 0-980 43779 142,809
are shown in Table II., in which the calculated and the 0085 44968 182 158 0-983 max. 0-985
observed values of the ratio ¢’/yr at which the illumination 0-990 + 3548 125,383
1§ 4 maximum or a mimimum are given for comparison. It (0-995 +2244 0,355
will be seen from the table that 4/I changes sign at the 1+000 +0053 25 1'000 wain. 1000
minima, and these are therefore absolute zeros. The values 1005 — 4l 45,039
for I shown in Table II. have been plotted in fig. 2. It will 1010 —3448 116,869
= . 1015 —4158 172,889 1:017 max. 1015
be seen from Tables I. and II. that /1 changes sign as 1-020 3673 184 908
1t passes through its values at the boundary o¢'/r=1, 1025 2909 48 707
showing that the radiations from the edge on the two sides 1-030 0491 2 411 1028 min. 1030
of the boundary differ in phase by . 1:040 19868 82,139 |
The investigation given above may be modified to suit the 1050 +3251 103,690 1-047 max. 1-046
case 1n which we have one or more slits (instead of an 1060 +-0875 7,656 1:063 min, 1-061
annulus) in the focal plane by sunitably altering the limits of 1070 1478 21,844
integration in the expression (5) given above. The writer 1-080 —-2]4] 45,839 1077 max, 1078
hopes to give the detailed numerical calculations in a later 1090 --'08569 7,579
paper. It is possible, however, to understand in a general 1-100 +0854 7,293 1'095 1nin. 1:096
way the reason for the peculiar configuration of the fringes 1110 +°1354 18,833 1107 max. 1109
shown m Pl lIL figs. 6, 12, & 15. If instead of a 1:120 +0096 3,002 1125 min, 1'132
slit we have in the focal plane a small aperture at (+/, 8')
through which the boundary is viewed, the luminosity of
the latter appears confined to certaln regions lying in the ]

neighbourhood of the two points r=R, 8=60",and 8=m 48,
and which are more or less well-defined according to the
size and the position of the aperture, The further the
aperture 1s from the centre of the focal plane, the feebler is
the luminosity observed through it. Accordingly, if we
regard the horizontal slit placed in the focal plane as
congisting of a number of elements along its length, the
vanishing of the luminosity of the boundary at the ends of a
horizontal diameter is seen to follow as a consequence, At
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and near these points also the radial width of the luminosity
should obviously be the least, as the Iatter is, roughly
speaking, in inverse proportion to the corresponding radial
WIdth_ﬂf_the aperture in tho focal plane., This oives us
a qualitative explanation of the lunette-shaped form of the
fringes in these cases. Figs. 5, 8, 11, & 14 in PL IIL.
1llustrate the remarks made above regarding the localization
ﬂf_ the luminosity of the boundary observed in certain cases.
Ifig. 5 represents the effect observed when thero were two
small circular apertures in the focal plane not. lying on the
same radius vector. Accordingly we have on the boundary
four separate regions of luminosity. Fig, 8 represents a
photograph obtained when a ring of six circular holes was
placed symmetrically in the focal plane. Kach of the six
spots seen along the boundary is crossed by very fine
fringes, due to the interferenco of the effects produced
by the pair of apertures at the end of esch diameter,
Fig. 14 was obtained when the ring of holes was slightly
displaced in ‘the focal plane. Twelve spots appear on the
boundary. Hig. 11 represents the effect observed when
the screen in the focal plane was so placed that two out
of the three pairs ot apertures fell on lines passing through
the centre of the field. Accordingly only eightbs}mts are
seen, the four larger ones being crossed by fine interference

Iringes,
3. Case of the Rectangular Boundary.

It bas been shown by Lord Rayleigh*

. \ ylei that when an
optical surface bounded by parallel s%might edges and
illuminated by a linear source of light is examined by

the ““knife-edge ’ test, the intensity of t '
1in the direction ¢ is given by y of the field as viewed

= [8{T 0 pn) s T 0 )
. #8511 O-9)8 | -si {2 0-g)t M

+[ci {3 0-g)z, f-ci{Z 0-e)t)
_Ci{?f(mqb)fg}+Gi{2—f(“¢)&}]i

where 6 is the angular semi-aperture of the lens, £ denotes

* Loe. cit.
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the extent to which the knife-edge has been advanced in the
tocal plane beyond the centre of the field, and &; defines an
upper limit for the aperture in the focal plane, 1f & =0
and &, is very large, this expression has the value

[ = Limr+ (lf}g 2l Eg)#

A,

Eﬂ;’ ‘the boundaries ¢/0===1, and becomes logarithmically
infinite with &,. 1Ii & and £, are both finite, the intensity
at the boundaries is given by '

4 ] 2
1= [1ag.§fm(11-77z—‘9 £+ Ci 270 A

48 WAl 1
[t

which is also very large compared with the intensity of the
other parts of tho field. .

Fig, 23 (Pl. 1V.) represents the luminosity observed at
the edges of a rectangular diffracting aperture in Foucanlt’s
test. In taking {his photograph, & was small and & large.
The luminosity accordingly appears highly condensed at the

‘edges. Fig. 20 reproduces a photograph obtained when

£, & did not differ very considerably. Diffraction fringes
are clearly seen on either side of the boundary in this case.
Fig. 17 roproduces a photograph of the aperture obtained
with two parallel slits in the focal planc on the same side.
It will be noticed that the central fringe which coinecides
with each boundary is white. IFigs. 21 and 24 represent
photographs obtained when the central band and a few
fringes on either side of the diffraction-pattern at the focal
plane were cut off by a wire parallel to the edges of the
aperture. It will be observed tbat the positions of the
boundaries in these two photographs appear as sine black
lines with luminous bands on either side. The same
feature, but with the dark lines at the boundaries much
broader, is shown in figs. 18 & 25, which were secured
by placing two parallel slits symmetrically in the focal
plane—that is, one on either side of the centre of the
field.

We proceed to consider the explanation of the black lines
marking the positions of the boundaries in the four photo-
oraphs mentioned in the preceding paragraph. In the
focal plane we have two apertures extending trom §; to &;
and from —§; to —§&, respectively. On account of the
symmetry, the Ci-functions disappear from the expression
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tor the intensity of the field as viewed in the direction ¢,
which may be written in the form

T = 4_[81 {2—:?(1 +§’)Eﬂ} —Si{ﬂ%@(l +§))'¢'1}

N

‘where € 1s the angular semi-aperture of the lens. When
¢/0 = t+1-—that is, at the boundaries—this expression
becomes very small, but the suddenness with which the
illumination falls to sero at these points depends very

much on the magnitudes of & and &,. To illustrate this
statement, 1 have calculated the distribution of intensity

for a hypothetical caze in which ’g"1=} and &:53?\: The

g

valunes ure shown in Table III. (in which the factor 4 in the

TasLy IT].
¢/0. 1. /6. I.
1000 0-0045 1000 0-0045
1:002 1'7956 0-998 2-2901
1-005 1-5129 0-995 1-8406
1:010 - 29584 (0°990 3-4225
14020 . 15376 0-980 2-1609
1:030 20164 0-9%70 2:4025
1'100 08281 | 0-900 1:0050
1-300 0:0020 070 0-0000
1-500 00605 0500 - . 00857
1300 0-0u00 0-200 0-0057
2-000 00182 0000 00853

- Fig, 8.

- TR Bl

expression for the intensity has been neglected), and these
have been plotted in fig. 3.
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Another case, in which the disparity between £, and &,
was much smaller, was chosen for experimental verification
of the position of the diffraction maxima and minima given

by theory., It is found that the illumination falls off to

TasLe TV.

£y='654 mm., £='963 mm. f=134 cm.,
- A="00045 mm.,
width of the aperture =0'955 mm.

Caleulated values Observed T’ﬂr].llﬂﬂr.

. f
3/0. '\/ L. (X cnnﬁt{ fuctor), furﬁmli:{:?mum for Efai{?uum b
Or Minimum, Or minjmuin,
760 —0002 0 *760 min. ‘7H6
780 + 1463 204
200 -+ 2123 449 ‘800 max, 508
820 +-1463 201 .
R40 —0018 { 8440 min. 843
260 —-1601 256
=RE0 — 83084 907 B8 maox. 352
900 — 2369 H5HY
990 — 006D 0 ‘023 min, 927
930 ++1337 179
040 2336 HOT
95 () ‘3416 1167
960 + 6707 4493 ‘960 max. 961
970 +3431 1177
080 4 -2398 a75
090 41300 182
Q05 + 0620 38
1000 —0145H s 1:000 min. 1-000
1:005 —0913 84
1:010 —1528 233
1-020 — 3587 669
1-040 ~-H8Y3 4758 1:04 max. 1038
1050 — 30648 1331
1:060 — 25817 634
1070 —1513 299
1-080 — 0059 0 1050 min, 1-076
1-100 2431 D89 |
1-120 ++3196 1021 1'1L]14 max, 1115
1°140 -+-']_713 293
1160 — 0024 0 1:16 man. 1:157
1:180 — 1642 270
1900 —+2128 453 1198 max, 1'205
19220 —+1478 218
1:940 — 0002 0 1'24 min, 1°238
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practically zero-value on the boundaries, but much less
suddenly than in the case previously discussed. The exXperi-
Inental data, the calculated intensities of the illamination,
~and the theoretical and the experimentally observed positions
of maxima and minima are shown in Table IV. The AQTe0-
ment is fairly satisfuctory. Tor comparison with the
preceding case, the illomination curve has been plotted

in fig. 4. As in the case of the circular boundary, the

Hig, 4,

minima of illnmination are absolute zeros. It will be

noticed also that /1 changes sign as it passes through

its value at the houndary (¢/0= 1), showing that the

radiations emitted by the edge on the two sides of the
boundary differ in phase by 7.

4. Other Forms of Boundary.

The cases in which the surface is bounded by forms of
apertures other than those considered previously are of
interest from the polnt of view of the goeneral theory
of diffraction. Kigs. 19 and 22 (Pl 1V.) represent photo-
graphs of the effect observed when the surface is bounded
by quadrilateral and triangular apertures respectively.
Theso photographs were obtained using a point source of
ight ‘and an annular aperture placed symmetrically in
the focal plane. It will be noticed that the boundaries
appear as black lines with luminouns fringes on either
side, thus showing a complete analogy with the case of the
circular and rectangular boundaries previously considered.

In order more fully to stady the luminosity at the
boundaries of the triangular, quadrilateral, and other forms
of aperture, an arrangement was devised in which a screen
containing a small circular hole could be placed excentrically
i the focal plane and rotated in this plane. This hole

3
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comes successively over different parts of the diffraction-
pattern formed at the focus, and the luminosity at the
boundaries observed through it undergoes a series of
changes. For instance, with a triangular aperture, it
is known that the diffraction-pattern at the focus consists
of a six-rayed “star,” the ‘““rays” being perpendicular to
the threo sides of the triangle respectively,  When the hole
comes over any onc of the rays the corvesponding boundary
appears luminous, but in other cases it bhecomes practically
invisible.  Similarly, with a quadrilateral aperture, the
diffraction-pattern 1s a “star” with eight rays perpendi-
cular to 1ts tour sides, and each of thesc appears luminous
when the excentrically-placed hole in the focal plane comes
over the corresponding ray of the pattern.

Whether any particular part of the boundary appears
luminous or not seems in general to depend on the normal
to the boundary at that point being parallel to the radius
vector trom the centre of the focal plane to the aperture
in the screen through which it is viewed. This is stated
here as an experimental fact, the detailed mathematical
explanation of which ig deferred till a future occasion. An
interesting illustration of 1ts generality is furnished by the
observation that minute irregularities on the houndary often
appear luminous when the adjoining parts which are straight
are 1nvisible from any given point in the focal plane. A
discussion of the cases in which the bmmdary 15 a4 com-
plicated figure such as a grating or a series of parallel
apertures is also reserved for a future occasion. '

5. On the Flow of Energy in a Diffraction Field.

The phenomena described in the preceding sections
suggest two 1mportant problems for study, In the ordinary
tresnel-Kirchhoff treatment of diffraction problems, the
disturbance at any point of the field is expressed as an
integral taken over a surface bounded by the diffracting
aperture. It is a subject for investigation whether, in
any circumstances, the surface integral can he resolved

oither wholly or partially to a line integral taken over
the boundary, and whether the disturbance in the region

of shadow could be expressed practically in terms of the
line-integral alone. Another interesting problem which
also suggests itself for investigation is the determination
of the forms of the lines of flow of energy in the optical
field due to rectangular or circular boundaries in convergent
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light. The ghapes of these lines of flow of energy would be

specially interesting in the neighbourhood of the focus. As

2 first step towards a detailed study of these problems, a few

experimental observations have been made by placing a

narrow screen (such as a needle or a plate of very small
dimensions) or else a wide scroen containing a nNarrow
aperture in some selected part of the field and tracing
the phenomena observed in 1ts rear. Some very striking
results have been obtained, especially with a circular
aperture illuminated by a point source of light. If a
small screen is placed in the focal plane so as to cut oft
the entire geowetrical cone of rays, a bright image of the
sonrce may be traced along the axis behind the screen and
eor a considerable distance beyond. This effect 18 entirely
due to the light diffracted by the boundary of the circular

aperture ¥, With a narrow screen placed in the diffraction

fiold due to a rectangular aperture illuminated by a lincar
source of light, two independent shadows each bordered by
diffraction fringes and differing in intensity have been
obsérved behind the sereen, these being formed respec-
tively by the two luminous edges of the aperture. If the
narrow screen be placed in the region of shadow close
to the geometrical pencil of rays, the two shadows differ
considerably in their intensity, and the difference becomes
loss and less as the screen is moved more and more into the
region of shadow. The writer hopes to take up the fuller

study of these problems at an early opportunity.

The investigation described in this paper was carried out
in the Laboratory of tho Indian Association for the Culti-
vation of Science. The writer has much pleasure in

gratefully acknowledging the helpful interest taken by
Prof. (. V. Raman during the progress of the work,

Calcutta,
February 8th, 1918.

* Porterand Hufford have about the same time observed that the rays
diffracted by & circular disk can form an optical image of the source along
the axis of symmetry (see Phil. Mag. and Phys. Rev. April 1913). The

phenomenon observed by me is somewhat analogous, but differs from

¥

that observed by these writers, as the image in this case is formed by the
rays diffracted by the boundary of a circular aperiure.
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IX., Note on the Efeﬂ.ﬂ qf Grid Currents in. Tf{?"ﬂ#- Itlectrode
Tonic Tubes. DBy K. V.ArrrrroN, M. 4., B.5¢, St John's
College, Cambridge ™. | -

IN the interpretation of the functioning of three-electrode
ionic tubes, which are now used so extensively in the
reception of wireless signals, we haveto consider simultaneous
offects in two electrical circuits, which may be defined as

follows :— |

(a) The grid or input circuit, which 1s completed inside
the tube by the space between the incandescent
filament and the perforated grid, and

(h) the plate or oatput eircuit, which is completed inside
the tube by the space between the filament and the
metal plate.

The variables to he considered are thus as follows :—
Plate current, plate voltage, grid current, or1d voltage, and
filument temperature, the values ot which may be represented
by the letters I, V, 2, v, and 0 respectively, The complete
working of the tube can only be interpreted when the static
characteristic surfaces representing thie relations between
any three of the above quantities are known, In the case of
a tube acting as a relay or amplifier, the main surluce to he
considered is that represented by the equation f(I, V, v)=0.
Vallaurit bas shown how this may be expressed approxi-
mately as [=av+ OV +¢, where a, b, and e are constants, and
Las applied it to the elucidation of many wireless cireults,
Hazeltine T has recently made substantial additions to that
part of Vallauri’s work desling with osciilating  audion
circuits.  In both cases the effects of the currents flowing 1n
the prid eirenit were neglected. '

The magnitude of the erid currents involved is known if
we know the contour of the (7, v, V) surface. In general,
this surfuce cannot be represenied by a simple expression,
but for small changes of the quantitics concerned we may
write '

NimrAo+mAY, . . . . . (1)

where #, is the slope of the (v, 4)y_y curve and #; is the
slope of the (V,1),_, curve. . '
The quantity &, may be cither positive or zero in a tube of
* (Communicated by the Author,

+ (3. Vallguri, I/ Elettrotecnica, iv, 3, p. 49 (1917).
t L. A, Hazeltine, Proc. Inst. Rad. Eng., Apnil 1918.
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